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ABSTRACT. In this paper, we study local radial rigidity phenomena for a broad class of general-
order elliptic systems on Riemannian manifolds via a reduction to singular ordinary differential
equations of Euler type. These rigidity properties have natural applications to several geometric
problems, including prescribed curvature problems of Yamabe and Paneitz type in conformal
geometry, higher-order analogues arising from harmonic maps, and Calabi-type problems on
Kéahler manifolds. The method applies also to higher-order nonlinear Poisson systems and,
more generally, to weighted divergence-form elliptic systems, yielding local uniqueness and
existence results for solutions with prescribed initial jets at the singularity.

1. INTRODUCTION

Radial symmetry has played a central role in the qualitative theory of elliptic equations since
the celebrated work of Gidas, Ni, and Nirenberg [11]. They proved that for any Lipschitz
continuous function f, every positive solution u € C?(Bg) to the Dirichlet problem

Au = f(u) on Bg;
u >0 on Bg;
u=>0 on 0Bp

is necessarily radially symmetric. This symmetry is a global consequence of the boundary
condition and positivity, obtained via the maximum principle and the method of moving planes.

On a smooth Riemannian manifold (M, g), the Euclidean notion of radial symmetry is nat-
urally formulated in terms of geodesic distance. More specifically, a function « defined on a
normal neighborhood U, of a point p € M 1is said to be geodesically radially symmetric in U,
about p if it depends only on the geodesic distance r = d,(-, p) from p. In this paper, we study
another aspect of local radial symmetry for functions satisfying a class of higher-order ellip-
tic systems on (M, g). Rather than deriving radiality from global hypotheses, we investigate
whether radial symmetry can enforce rigidity near the center.

Our main result establishes such a local radial rigidity phenomenon for functions satisfying
certain higher-order Poisson-type differential inequalities.

Theorem 1.1. Let (M, g) be a Riemannian manifold, p € M, and m € 7. Suppose u =
(w1, ..., u,) is a C*™ vector-valued function defined on a normal neighborhood U, of p satis-
fying the differential inequality

2m—1
(1) ATl < C Z |Vgu| on U,

j=0
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for some constant C' > 0. If u is geodesically radially symmetric in U, about p, then exactly
one of the following holds:

e There exists some jy € {0,...,m — 1} such that 9*°u(p) # 0;

o u=00nU,.

Here Z* denotes the set of positive integers, while V, and A, denote, respectively, the covari-
ant derivative and the Laplace-Beltrami operator associated with g. Moreover, A7" denotes the
m-fold iteration of A,, and Vgu denotes the j-th covariant derivative of u, viewed component-

wise as a (0, j)-tensor field. The norm |V7u/ is defined as (3°7 | [Viu;|?) %, where each norm
|V§u,~| is computed by contracting the tensor indices using the metric g. If u is geodesically
radially symmetric about p, so that u = ¢(r) for a radial profile ¢, then d?u(p) is understood
as 1) (0).

In contrast to classical results such as [11], our approach to the radial rigidity is entirely local.
The proof of the dichotomy in Theorem 1.1 proceeds by reducing the problem to a uniqueness
theorem (Theorem 5.1) for a singular Euler-type ordinary differential inequality. This method
circumvents the use of global boundary conditions and sign assumptions, and extends naturally
to higher-order operators. The associated ordinary differential equations are analyzed in detail
in Sections 3 — 6, where both existence and uniqueness are established.

Despite the linear format of the differential inequality (1), Theorem 1.1 is meant to be applied
to differences of solutions to nonlinear systems of the form

Al'u = f(-,u,Vyu,... ,V?Jm_lu),

where the nonlinearity f is sufficiently smooth in its arguments. The local existence results for
such systems were established in [24, 23] for arbitrary admissible sets of jets at p up to order
2m — 1. The abundance of such local solutions naturally gives rise to the question of whether
additional structural assumptions could imply uniqueness.

Motivated by this perspective, we study pairs of local solutions whose difference is radially
symmetric and analyze the resulting uniqueness consequences. As a direct consequence of
Theorem 1.1, the following result shows that, when the difference of two solutions to (2) is
radial, the corresponding radial germ is uniquely determined by its even-order jets up to order
2m — 2 at the base point. In particular, radial symmetry, combined with sufficiently high-order
contact at a point, imposes strong local constraints on solutions. To the best of our knowledge,
this provides a new form of local uniqueness for higher-order elliptic equations/systems under
minimal structural assumptions.

Theorem 1.2. Let (M, g) be a Riemannian manifold, p € M, and m € Z*. Suppose u and v
are two C*™ vector-valued functions defined on a normal neighborhood U, of p, each satisfying
the nonlinear Poisson system

2) Al'u = f(-,u,Vyu,..., V;m_lu) on Uy,

where the vector-valued function f is continuous in all its arguments and locally Lipschitz con-
tinuous in the variables (u, Vgu, . . ., ng_lu). If the difference u — v is geodesically radially
symmetric on U, about p, and the even-order covariant derivatives of u and v agree at p up to
order 2m — 2:

Vf]ju(p) :Vf]jv(p) forallj=0,...,m—1,

then u = v on U,
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In the Euclidean setting, Theorem 1.2 immediately yields the following corollary for the
standard Laplacian and gradient operators.

Corollary 1.3. Let m,n € Z* and n > 2. Suppose u and v are two C*™ vector-valued
functions on an open ball B in R" centered at the origin, each satisfying the nonlinear Poisson
system

A"y = f(-,u,Vu,...,V*" ) inB,
where the vector-valued function f is continuous in all its arguments and locally Lipschitz
continuous in the variables (u, . .., V*" ). If the difference u — v is radially symmetric in B
about the origin, and the even-order derivatives of u and v agree at 0 up to order 2m — 2:

V¥u(0) = V¥0(0)  forallj=0,...,m—1,
then u =vin B.

As a byproduct of the singular ODE theory, we generalize the Laplace operator to a class
of weighted divergence-form elliptic operators defined near a singular point 0 € R". These
operators take the form

Aerenytt := 12 div (r2~V(ru)) ,

where (c1,cy) € C?, u is a vector-valued C? function near 0, and r = |z|. Form € Z*
and a parameter vector (cy, ..., Coyn) € C*™, we define the iterated operator as the composi-
tion Ay 1ieam) = Aer,en)- A detailed discussion of the properties of these operators, along
with several illustrative examples, is provided in Section 9. Despite their seemingly involved
structure, every singular operator of the form A™ + > ..o o 7%(az - V) A*, where
d;x € C, acts on a C*™ radial function u according to the identity

d. .
A"+ Z Ik (J} ’ v)jAku - A(szf1702m) T A(Clvc2)u

0<j+2k<2m—1 y2m—2k
for suitable complex constants ¢y, . .., Cop.
By establishing the uniqueness of radial solutions to a linear differential inequality involv-
ing the operator A, . | c,..)*** A(ey,e0) in Theorem 9.2, we obtain a rigidity phenomenon for
nonlinear systems of the form

Acamriem) " Dierenytt = fu, V.., V)

under suitable conditions on the parameters (ci, ..., cy). See Corollary 9.3.

On the other hand, existence of radial solutions to the above nonlinear system is established
in Theorem 9.4, provided that the nonlinearity f depends only on the radial variables, namely
(r,u,Ovu, ..., 0" 1y). In particular, the theorem yields C*™ radial solutions to the above
system with any properly prescribed initial values at the singularity. See also Corollaries 9.5
and 9.6. These results extend readily to general Riemannian manifolds, and we leave the details
to the interested reader.

2. GEOMETRIC APPLICATIONS

Owing in particular to the general form of the differential system under consideration, The-
orem 1.2 and Theorem 5.1 have substantial applications to a broad class of geometric elliptic
problems and yield rigidity phenomena for such problems. In this section, we present several
examples in which our local rigidity results apply. These examples arise from geometric PDEs,
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including curvature prescription problems, variational problems such as harmonic maps, and
fully nonlinear equations.

2.1. Yamabe and Paneitz problems. Let (1, g) be an n-dimensional Riemannian manifold
with n > 3. A classic problem in geometric analysis is to find a conformal metric

~ _4
g:’LLn72g7 u > 07

whose scalar curvature is a prescribed function K on M. The conformal factor u satisfies the
Yamabe equation ([17])
n+2
Agu=c,Rgu — c, K un=2,

n—2
4(n—1)

Because the exponent Z—f; is strictly greater than 1, the nonlinearity in the above equation
is locally Lipschitz continuous with respect to u. This enables us to apply Theorem 1.2 in the
case m = 1, which yields the following rigidity result for osculating conformal deformations.

where ¢, = and IR, is the scalar curvature of the background metric g.

Theorem 2.1. Let (M, g) be a Riemannian manifold of dimension n > 3. Suppose §; = wiz g
and go = vﬁg are two conformal metrics defined on a normal neighborhood U,, of a point
p € M that both prescribe the same local scalar curvature K on U, If the difference u — v of
the two conformal factors is geodesically radially symmetric in U, about p and u(p) = v(p),
then the conformal metrics are identical, i.e., g1 = go in U,

This phenomenon becomes more pronounced in higher-order conformal geometry, where
maximum principles are typically unavailable. The conformal Paneitz operator Pg4 is a fourth-
order conformally covariant differential operator that plays a central role in higher-order con-
formal geometry (see [19, 1, 5, 4, 9, 13] and the references therein). Its leading term is the
bi-Laplacian, together with lower-order curvature corrections:

—4
Pg4u = Azu + div, (anRg Vyu + by Ricg(vgu)> + nTQg u,

where a,, and b,, are dimensional constants, (), is the ()-curvature of the metric, and Ric,(V ju)
denotes the vector field obtained by raising the index of the 1-form Ric,(V u, ). For n # 4,
under the conformal change

4

g=un1g, u >0,
the Paneitz operator satisfies the conformal covariance property
_n+4
Py(¢) = u” =1 Py(u)
for every smooth function .
More generally, the GIMS (Graham—Jenne—Mason—Sparling) operator Pg?m ([8]) is a higher-

order generalization of the Paneitz operator for m € Z". For a manifold of dimension n > 2m,
it takes the form

szm = AJ" + lower-order geometric terms involving derivatives up to order 2m — 1.

Under the conformal change

j=umemg,
the prescribed 2m-th order (Q-curvature equation, after possibly absorbing the dimensional
constant into the ()-curvature (), takes the form

n+2m
PrMy = Qur—am.
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Moving the lower-order geometric terms of P;m to the right-hand side, the equation assumes

the form of (2). Since the exponent satisfies % > 1, the nonlinear term is locally Lipschitz

with respect to u. Therefore Theorem 1.2 applies and leads to

Theorem 2.2. Let (M, g) be a Riemannian manifold of dimension n > 2m, where m € Z*.
4 4

Suppose g1 = ur—2mg and g, = vr-2mgqg are two conformal metrics defined on a normal
neighborhood U, of a point p € M that prescribe the same Q)-curvature () on U,. If the
difference u — v is geodesically radially symmetric in U, about p and the even jets of v and v
at p agree up to order 2m — 2, then the two metrics g, and g, coincide in U,

These results impose a strong geometric constraint on bifurcation phenomena: if a radially
symmetric conformal factor solves a prescribed curvature problem locally, then any distinct
solution with the same initial data at the pole cannot remain radially symmetric. In particular,
any bifurcation must arise through the breaking of local rotational symmetry.

2.2. Harmonic maps. Introduced by Eells and Sampson [6], harmonic maps serve as a natural
geometric counterpart to semilinear elliptic systems and have been extensively studied in both
local and global settings. Let (M, g) and (V, h) be two Riemannian manifolds. A smooth map
w: (M, g) — (N, h) is called harmonic if it is a critical point of the Dirichlet energy

1
Eu) = -/ Vul? v,
2 Ju
Consequently, u satisfies the Euler—Lagrange equation
T(u) =0,

where 7(u) is the tension field. In local coordinates on the target manifold (/V, k), this equation
takes the form
Agu® + ng(u) <Vgu5, V"), =0,

where the functions (u®) are the coordinate components of u, and I'j_ are the Christoffel sym-
bols of the Levi—Civita connection on N, evaluated at u. We use the Einstein summation con-
vention, so repeated indices are summed over. This formulation exhibits a quasilinear elliptic
structure with a quadratic nonlinearity in the gradient. See also [15, 7] for background.

Higher-order analogues arise from higher-order variational energies. For example, bihar-
monic maps are critical points of

Byw) == [ |r(wP v,

2 M
and satisfy the Euler-Lagrange equation

To(u) = Ay7(u) + lower-order curvature terms = 0,

which can be viewed schematically as a fourth-order elliptic system with leading term Agu.
More generally, polyharmonic maps of order m satisfy equations of the form

Al'u = f(-,u,Vyu,... ,V?Jm_lu),

where the nonlinearity f is determined by the geometry of the target manifold and is smooth
in all its arguments (-, u, Vyu, ..., ng_lu). See, for instance, [14, 18, 10]. These systems
therefore fall within the framework developed in this paper.

To apply our results, we fix an isometric embedding (N, h) C R by Nash’s theorem, and
regard maps v and v as R”-valued functions. In this setting, the difference u—v is well-defined,
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and radial symmetry is understood with respect to this fixed embedding. We note that, while
radial symmetry of a single map is an intrinsic notion, the radiality of u — v is extrinsic, since it
may depend on the chosen embedding of (N, h) into R”. Under these considerations, the local
rigidity result stated below follows directly from Theorem 1.2.

Theorem 2.3. Let (M, g) be a Riemannian manifold and (N, h) C R an isometrically embed-
ded Riemannian manifold. Let m € Z*. Suppose u,v : U, — N are two polyharmonic maps
of order m, where U, is a normal neighborhood U, of a point p € M. If u — v is geodesically
radially symmetric in U, about p and the even jets of u and v at p agree up to order 2m — 2,
then w = v in U,

In the case m = 1, since constant maps are trivially harmonic and radial, Theorem 2.3
implies that any locally geodesically radially symmetric harmonic map must also be constant.

Corollary 2.4. Let (M, g) be a Riemannian manifold and (N, h) C R” an isometrically em-
bedded Riemannian manifold. Let v : U, — N be a harmonic map, where U, is a normal
neighborhood of a point p € M. If u is geodesically radially symmetric in U, about p, then u
is constant in U,

2.3. Calabi problem. The Calabi—Yau equation is a fundamental example of geometric fully
nonlinear elliptic equations arising in Kihler geometry. It arises as the complex Monge—
Ampere equation associated with prescribing the Ricci form of a Kihler metric within a fixed
Kihler class. Calabi initiated this program by reducing the problem to an equation of the form

(w+V—=100p)" = efw™,

and formulated what is now known as the Calabi conjecture, predicting the existence and
uniqueness of a Kéhler metric in a given cohomology class with prescribed volume form, or
equivalently, prescribed Ricci form. More precisely, if (M, w) is a Kéhler manifold of com-
plex dimension n and f is a given smooth function, the Calabi—Yau equation seeks a Kéhler
potential ¢ satisfying

3) (w4 V=100p)" = efw", w++vV~100p > 0.

On compact Kihler manifolds, the global existence of solutions to this equation was established
by Yau [26] through a priori estimates. Moreover, the global solution is unique up to an additive
constant.

While this result provides a complete understanding in the global setting, the local behavior
of solutions remains more flexible and less rigid. Concerning local solutions to the Calabi—Yau
equation, since jets of the potential ¢ up to order one do not yield distinct Kihler forms, we
study the existence of local potentials by prescribing admissible second-order jets of the poten-
tial in Theorem 8.2. Consequently, there exist infinitely many Kéhler forms with the prescribed
Ricci form in a neighborhood of a point. With regard to uniqueness, classical results are typi-
cally global in nature and rely on the maximum principle or energy methods, often combined
with compactness, boundary conditions, or suitable decay assumptions. While Theorem 1.1
does not directly apply to the fully nonlinear equation, the linearization of the equation allows
us to apply the singular ODE theory (Theorem 5.1) to establish a local rigidity result for Kéhler
forms with prescribed Ricci form under a radial symmetry assumption. In summary, we obtain
in Section 8 the following local existence and uniqueness for the Calabi-Yau equation.

Theorem 2.5. Let (M, w) be a Kdihler manifold and let p € M.
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1. There exist infinitely many Kdhler forms in the same local Kdhler class as w with the
prescribed Ricci form in a neighborhood of p.

2. If wy and wy are two Kdhler forms in the same local Kdhler class as w with the prescribed
Ricci form in a normal neighborhood U, of p, where

we=w+V—-100¢,, (=0,1,

and if the potential difference ¢, — ¢y is geodesically radially symmetric in U, about p, then
wo = wy in U,

In particular, as shown in the proof of Theorem 2.5, the potentials corresponding to the
Kihler forms constructed in part 1 have distinct second-order jets. Part 2 then implies that none
of these potentials differs by a locally geodesically radially symmetric function near p.

The rest of the paper is organized as follows. Sections 3 — 6 develop the uniqueness and ex-
istence theory for Euler-type ordinary differential equations, which provides the main analytic
tool for the subsequent PDE arguments. In detail, Section 3 introduces an algebraic factor-
ization of Euler-type operators. The uniqueness of solutions to Euler-type ODEs is proved in
Sections 4 and 5, respectively. See Theorems 4.2 for smooth solutions and 5.1 for solutions
with finite regularity. Building on these results, Section 6 develops the existence and unique-
ness theory for the associated singular initial value problems (Theorem 6.1). Beginning with
Section 7, we turn to the PDE setting. There, we apply the ODE reductions developed earlier
to prove the local radial rigidity dichotomy for higher-order Poisson systems on Riemannian
manifolds (Theorems 1.1 and 1.2). The local existence and uniqueness result (Theorem 2.5) for
the Calabi-Yau equation is carried out in Section 8. Finally, Section 9 extends this approach to
a broader class of weighted divergence-form elliptic operators, establishing the corresponding
uniqueness and existence results.

3. DECOMPOSITION OF EULER-TYPE OPERATORS

A classical model for singular ordinary differential operators near the origin is the Euler-type
operator

4) w®™ £ 4 (N1 44 a_ﬁw’
r r
where N € Z* and (ay,...,ay) € CV. Such operators exhibit an intrinsic scale-invariant

structure and play a fundamental role in the analysis of singular differential equations and
inequalities.

A key structural property of Euler-type operators is their factorization into first-order singular
operators. To formalize this, let b € C and r > 0. For a scalar function w € C*((0, 1)), we
define the first-order operator D, by

(5) Dyw(r) := deir (rbw(r)) =w'(r) + gw(r).

Here the complex power is defined by r? = €?1°¢" where log denotes the branch of the complex
logarithm with a cut along the negative real axis, corresponding to argz € (—m, 7). More
generally, for N € Z* and a parameter vector (b, ...,by) € CV, we consider the N-th order
operator obtained by composition:

Dy, -+ Dy, : CN((0,70)) — C((0,70)).
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For vector-valued functions w = (wy,...,w,) : (0,79) — C¥, the operator acts component-
wise.

In this section, we show that any Euler-type operator of the form (4) can be decomposed into
a product of first-order operators of the form Dy, - - - Dy,, with parameters by, ..., by € C.

Lemma 3.1. For any (a1, ...,ay) € CY, there exist constants (by, ..., bx) € CV such that
(6) w(N)_'_ﬂw(N—l)_i_,,__i_a_]]\\//:w:'DbN..-Dblw
r r

Before proving the lemma in the most general form, we first provide a concrete example to
clarify the idea of the proof.

Example 1. We seek constants by, by, bs such that
2 3 3
w" — =w" + =w' — —w = Dy, Dy, Dy, w.
r
First, we determine constants ¢y, ¢o, c3 such that
w2 3 3

€1 C2
w” — —w" + Zw' — Zw =D, (w" + —w' + —Qw)
r T r r r

d c c c c c
= — (w” + 2w+ —2w> + =2 (w” + 2w’ + —2w> :
dr r r2 r r r?

By expanding the right-hand side and matching coefficients, we obtain the system

¢+ 3= —2;
Co + 01(03 — 1) = 3;
CQ(Cg — 2) = —3.
From the first equation, we have
1 = —2— C3.

Substituting this into the second equation yields
CQ:3_<_2_63)(03_1):C§+C3+1.
Finally, substituting this expression for ¢, into the last equation, we obtain (c3 + c3 + 1) (c3 —
2) = —3, which simplifies to
(s —1)*(cs +1) =0.
This gives two possible solutions:
(c1,¢9,¢3) = (=3,3,1) or (—1,1,—1).
Setting by = c3, we now look for constants by, b, such that the second-order component

factors as

C1 ’ Co

d b b b
w4+ 2w+ 2w =Dy, Dyw=— v +—w)+— (w0 +—=w).
r 2 dr r T r

This requires
bo+bi=c1, bi(by—1)=c,
For the first case (cy,co,c3) = (—3,3,1), we have (by,b) = (—1,—2) or (—3,0). For the
second case (ci,co,c3) = (—1,1,—1), we have (by,by) = (1,0). Altogether, the possible
choices are
(by, ba, bs) = (—1, -2, 1), 0r (=3,0, 1), 0r (1,0, —1).
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Proof of Lemma 3.1: We proceed by induction on /N. For the base case N = 2, the lemma
can be verified by a direct computation:

d b b by + b bi(by — 1
o= (38) (v ) o B Bl
T

dr r r 72

Thus, given (ay, as) € C?, it suffices to choose by, by € C satisfying the system
b1+b2:a1, bl(bg—l):az.

Now, assume the lemma holds for an operator of order N — 1. To prove it for order N, we
first seek coefficients (cy, ..., cy) € CV such that

w4 Ly 4 IV,
r r

=D, (wuv—l) O CN*U,)
T

FN-1
d c CN— c c CN—
_4 (wuvfl) I I R %w) i (ww,l) I e R %w) ‘
dr r r r r r

Matching coefficients on both sides leads to the system

€1+ cn = ap,
(7) G+ ¢len —j) = ajpn, 1<j<N-—2
CN_l(CN—N+1) = an-.

The first NV —1 equations allow us to express cy, . . ., cy—1 recursively in terms of cy. Specif-
ically, they take the form

(8) c; =a; — Pj(ay, ... a;_1,cn), 1<j<N-1,

where P; is a polynomial in cy of degree j. Substituting the resulting expression for cy_;
into the final equation of (7) yields a single polynomial equation in cy of degree N. By the
Fundamental Theorem of Algebra, this equation admits at least one solution in C. For any such
cn, the coefficients cy, . . ., cy—1 are uniquely determined by (8) and the operator factors as

&1

w™) + N1 +- a—xw =D, (w(N_l) 4 W= oy c%—1w> _
r r T rev—

By the inductive hypothesis, there exist constants (by, . ..,by_1) € CV~1 such that the (N —
1)-th order operator in the parentheses satisfies

CN-1

(N-1) G (N-2) |
w + —w + +7’N—1

’
Setting by = cy, we conclude that

w = DbN71 cee Dblw.

ai - an
w(N) + 7u](N 1) 4+ 4 T_Nw — DbNDbN,1 . Dblw’

which completes the induction and the proof.
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4. UNIQUENESS OF SMOOTH SOLUTIONS TO EULER-TYPE ODES

The goal of this section is to study uniqueness of smooth solutions to Euler-type singular
ordinary differential inequalities. As shown in [20] by the first author and Wang, the precise
Euler-type singularity is essential for uniqueness. In fact, for any € > 0, there exists a nontrivial
function w, € C*([0, 1)) such that

!t
| |<CZTNJ+€

for some constant C, > 0, and w! )(0) = 0 for all j > 0. Here | - | is the Euclidean norm.
This example shows that any weakening of the Euler-type singularity may lead to a failure of
uniqueness. On the other hand, the following unique continuation result holds for Euler-type
inequalities.

Theorem 4.1. ([20], Theorem 5) Let 0 € [a,b] and N € Z*. Suppose w = (wy,...,w,) :
la,b] — CV is smooth on [a, b] and satisfies the differential inequality

I y<cZ|WM, r € [a,b]\ {0}

for some constant C > 0. Then
w(0)=0 forall >0 = w=0 on [a,b].

The flatness assumption w9 (0) = 0 for all j > 0 cannot, in general, be weakened to finite-
order vanishing. Indeed, for any fixed k& € Z*, one can construct a standard Euler equation
that admits a non-trivial solution vanishing to order higher than k at the origin. For instance,
the smooth function w = rk+1 Ely = 0.
Thus the vanishing of only finitely many jets is generally insufficient to force tr1V1ahty. A
related result [21] shows, however, that finite-order vanishing does imply triviality, provided
the constant C' is sufficiently small.

In this section, we establish a uniqueness result for smooth solutions to the corresponding
ordinary differential inequality using the factorized singular operator Dy, - - - Dy, , under a mild
condition on (b, . ..,by) € CV. In contrast to [21], no smallness assumptions are imposed on
the constant C' or the parameters |b,|.

vanishes to order k at the origin and satisfies w’' —

Theorem 4.2. Letrg > 0, N € Z* and (by,...,by) € CV. Suppose that w = (wy,...,w,) :
[0,79) — C” is a vector-valued smooth function on [0, o) (i.e., each component w; € C*°([0,7)))
and satisfies the differential inequality

w9 (r
9) Dy - Dyyw(r)| < h(r) Z' , 1€ (0,m)

rN=j
for some nonnegative function h € C([0, 1)) with h(0) = 0. If the parameters b; satisfy
(10) j—bj—N¢Z" j=1,...,N,
and w satisfies the vanishing conditions
w(0)=0, j=0,...,N—1,

then w = 0 on [0, ry).
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In particular, as a consequence of Theorem 4.2, any nonconstant function satisfying (9) under
condition (10) and vanishing to order N — 1 at 0 cannot be smooth at 0.

Rather than proving Theorem 4.2 directly, we establish a uniqueness result under a weaker
differential inequality, from which Theorem 4.2 follows immediately. To this end, we first note
that if (by,...,by) € CV satisfies (10), then

N—l
k—1
(11) M, = sup Llp= (k= Dl
pEZp>NH] 1]p (7 —1)+ b,

To justify this, recall that condition (10) requires j — b; — N ¢ Z* foreach j = 1,... N. Thus
for any integer p > N,

p—j+1l+bj=@p—N+1)—(j—b—N)#0.

Consequently,
N
(12) H (j—1)+b;| #0.
Moreover,
N—l
kE—1
i L o= (k= )
p=oo [T 1|p (J— 1)+ by
p p—1 p—(N-2) 1 _
= lim - . =0.

It follows that the supremum M, is finite. Note that M, depends only on (b, ..., bx).

Theorem 4.3. Letry > 0, N € Z*, and (by, .. .,by) € C¥ satisfy (10). Let M, be defined as

in (11). Suppose that w = (w1, ..., w,) : [0,r9) — C is smooth on [0,1¢) and satisfies the
differential inequality
N—1, (;
WD (r)]
(13) Dy, -+ - Dy w(r)] SCZW, r e (0,7),
=0

where the constant C' satisfies

(14) C <
If
w?(0)=0, j=0,...,N—1,

then w = 0 on [0, ry).

Our approach is based on the observation that, for smooth functions subject to operators
satisfying (10), vanishing to order N — 1 implies the flatness at the origin. This reduction
allows us to apply Theorem 4.1 directly to conclude the triviality of solutions.

Proof of Theorem 4.3: Since the differential inequality (13) can be rewritten as

W™ (r)| < C
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for some C dependent only on C' and b;,7 = 1,..., N, in view of Theorem 4.1 it suffices to
show that w vanishes to infinite order at the origin. Suppose this is not the case, and let py > N
be the smallest integer such that w®)(0) # (0,...,0). It follows that there exists a vector
¢ # (0,...,0) such that

w(r) = cr? + O(r’tt) as r— 07,

Since w is C*°, as proved in the Appendix to [22], we may formally differentiate this Taylor
expansion of each component w; consecutively to obtain

w' (r) = cpor™ ! 4+ O(rP°);

w0 () = ][0 = (G = 1) 0@,

i=1

Substituting these expansions into (13), a direct computation yields

N
el [T Ipo = G = 1) + by - 70~ 4 O(rvoN+1)
7j=1
N-—1
(15) Clel > H lpo — (k — 1)| - 770~ 4 O(rPo—NF1)
7=0 k=1
N-1
< C|e|N lpo — (k — -TpO_N+O(rp°_N+1)
k=1

asr — 0. In view of (12), we can divide both sides of (15) by || vazl lpo—(j—1)+bj|-rPo—N.
Applying the definition of M, in (11), we get

1<CNM,+O(r) asr—0".

Taking the limit as » — 0T, we obtain 1 < C'NM,. This contradicts the assumption (14),
thereby proving that w® (0) = 0 for all p > 0.
O

Theorem 4.2 is now an immediate consequence of Theorem 4.3.

Proof of Theorem 4.2: Since h € C([0,r()) and h(0) = 0, there exists some positive r; < r
such that

h(r) < r € (0,r).

1
NM,’
Thus w satisfies (13) on (0, 7). Applying Theorem 4.3 yields w = 0 on [0, 7). When r > 14,
since the weights r~(N=9) are bounded on the interval [r1,70), Corollary 1.3 in [21] further

ensures that w = 0 on the entire domain [0, ).
U

It is worth noting that condition (10) is quite mild, requiring only that each parameter b;
avoids a certain discrete set of the real axis. As the following example shows, this condition is
also necessary: the conclusion of Theorem 4.2 fails whenever (10) is violated.
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Example 2. Let (b, ...,by) € CV be such that jo — b;, — N € Z* for some j, € {1,...,N}.
Let w(r) = 7!, where
l::jo_bjo — 1.
Then the assumption implies that [(€ Z*) > N. Therefore w € C'*°([0,1]) and
w?(0)=0, j=0,...,N—1.
Moreover, by a direct computation, we have
Dy, .- Dpyw=(L+b)... (1= (jo—1)+bj,)r" 7 =0.

Thus inequality (9) is satisfied with h(r) = 0. This example demonstrates that condition (10)
1S necessary.

Jo

On the other hand, Example 3 below demonstrates that the conclusion in Theorem 4.2 may
fail if w has only finite regularity, indicating that the smoothness assumption on solutions is
essential.

Njw

Example 3. Consider the simple case N = 1 and b; = —%, and the function w(r) = r
Clearly, w(0) = 0 and satisfies the inequality (9) with i(r) = 0 as

Dy, w(r) = w'(r) — %w(r) =0.

Furthermore, condition (10) is satisfied since

3

3

Noting w € C*([0, 1))\ C>([0,1)), this case shows that Theorem 4.2 fails without the smooth-
ness assumption on w.

Theorem 4.2 can be used to study uniqueness of solutions to certain singular linear differen-
tial equations with nonconstant coefficients. In detail, given (ay, . ..,ay) € CV, we first define
the set P, 4, as

a a
(16) Py, oy = {(bl, o by) € CV ™) 4 71w<N—1) +ot r—ﬁw =Dy - -Dblw} :
ay has finite cardinality. Let

(17) L={(by,....,by) €CN:j—b;—N¢Z" j=1,...,N}.
That is, ; is the collection of all parameters such that (10) in Theorem 4.2 is satisfied.

Corollary 4.4. Let ro > 0 and N € Z*. Suppose that w = (w1, ...,w,) : [0,79) — C" is
smooth on |0, o) and satisfies the differential system

h h

ﬂw(N_l)_i__i_#w:O’ TE(O,TO)
r r

for some functions h; € C([0,7)),j =1,...,N. Let P, (o)

and (17), respectively. If

w™ +

-----

h(0) and Iy be defined as in (16)

and

then w = 0 on [0, ry).
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Proof. We first observe that w satisfies

] < 3 ) = 0

=z

w0

h1(0
w(N)—l-Lw(N*l)—l— SRR ST
r J

T r

re (0, 7’0).

<
I
o

Since h; € C([0,70)),j = 1,..., N, there exists some function h € C([0, 7)) with h(0) = 0,
such that forall j =0,..., N — 1,

\hn—j(r) = hn—;(0)] < h(r), r€(0,r9).
On the other hand, let (by,...,bn) € P, (0),...an(0) N Bi. Then (by, ..., by) satisfies (10), and

hN<o>w' < hn S

-----

w (r)

hi(0) (v
|Dyy -+ Dyp,w(r)| = w(N)+Tw(N Dy —
=0

rN

By Theorem 4.2, w = 0.

5. UNIQUENESS OF NON-SMOOTH SOLUTIONS TO EULER-TYPE ODES

Despite the counterexamples in the previous section, it is natural to ask whether uniqueness
for (9) still holds under limited regularity, specifically when w € C¥, since the inequality and
the vanishing condition at the origin involve only derivatives up to order N. In this section,
we show that uniqueness can still be expected, provided that a stronger condition (19) below is
imposed on the coefficients (by, ..., by).

Theorem 5.1. Let ro > 0,N € Z* and (by,...,by) € CN. Suppose w = (wy,...,w,) :
0,70) — CY is a vector-valued C™ function on [0, r,) that satisfies the differential inequality

w(]
(18) ’DbN o 'Db1 | < h Z | , € (O,To)

TNJ

for some nonnegative function h € C([0,10)) with h(0) = 0. If
(19) j—Re(b)—~N <1, j=1,...,N,

and

then w = 0 on [0, ry).

As will be shown below, the stronger condition (19) on the parameters (b, ..., by) enables
an estimate that controls all lower-order derivatives of w in terms of the quantity D, - - - Dy, w
When combined with the differential inequality, this estimate forces the solution to vanish iden-
tically. As in Theorem 4.2, we establish uniqueness by proving it under a weaker differential
inequality.

Theorem 5.2. Let rg > 0 and N € Z%, and let (by,...,by) € CV satisfy (19). There ex-
ists a constant C' > 0 dependent only on (b, ...,by), such that every CN function w =
(wr,...,w,) :[0,19) = C” satisfying

(20) Dy - Dy w(r)| <C Y 5
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and

must necessarily vanish identically.

Proof. We begin by considering the case N = 1, where w satisfies the differential inequality
| Dy, w(r)| < C’M.
r

Let g := Dy, w. By definition, we have

d b
21) g(r) = r’bla (r"w(r)) = w'(r) + ?lw(r).
In particular, g € C'((0, 7)) and the original inequality becomes
Clw(r
) )] < S

Given that w(0) = 0 and w € C'([0,7)), applying L’Hopital’s rule and setting g(0) = (1 +
b1)w'(0) extends g continuously to the origin. Consequently, the maximum function
M (r) := max |g(s)]
s€[0,r]

is well-defined and finite, and monotone non-decreasing for all r € [0, r).
The condition Re(b;) > —1 ensures that
lim r"w(r) = 0.
r—0t

In fact this follows immediately from the continuity of w if Re(b;) > 0, or from L’Hépital’s
rule if —1 < Re(b;) < 0. Multiplying both sides of (21) by 7 and integrating it from 0 to r
then yields

w(r) =r" /07“ s"g(s) ds.

Using the monotonicity of M (r) and the fact that Re(b;) > —1, one gets

B T B T M(T‘)
23 w(r) <r Re(bl)/ sRe®)|g(s)|ds < M(r)r Re(bl)/ sheb) gg = 1)
@3) )| < e lg(s) ds < M (e Re(o) 11
Substituting this estimate back into (22), we obtain
CM(r)
< 7t e 0 )
’g(?")| — Re(bl) + 17 r [ 77a0>

Now, for each r < 7, take the maximum on both sides over [0,7;] and make use of the
monotonicity of M(r) to get

CM(Tl)
M < —.
() = R+ 1
If
(24) C < Re(br) +1,
this would be impossible unless M (r;) = 0. It follows from (23) and the arbitrariness of

r1 < rothatw = 0on [0, o).

In the case NV = 2, the inequality is given by
w(r w'(r
| Dy, Dy, w(r)| < C <| (r)] + [ )|) :

r2 r
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Let g := Dy, Dy, w. The inequality then becomes

25) ()] < C (|w(;“)| N |w’(7")|> ‘

T T

By the definition of the operators, g(r) can be expressed as

€ (rb2b1 £ (rblw(r))>, r e (0,r0).

Given w(0) = w'(0) = 0 and w € C?([0, 7)), g admits a continuous extension to the origin,
so g € C([0,rp)).
Under the conditions Re(b;) > —2 and Re(by) > —1, it follows that
lim 7" w(r) =0

r—0+

(26) g(r) =r-

and

r—0t r r—0t

lim rb2_b1; (rw(r)) = lm r° (b1 wir) w'(r)) =0.

Thus, we can multiply both sides of (26) by 72 and perform successive integration from 0 to r

to obtain
,
_bl/ sgl_bg/ 31 g(s1)dsdss.
0

Differentiating the above further gives

w'(r) = / bi— b2/ sh2g(s1) dsy d52+r_b2/ sh2g(s1) dsy.
0

M (r) := max |g(s)|.

s€[0,r]
Using the monotonicity of M (1), we estimate |w(r)]:

T S92
[w(r)] < M (r)r=fe®) / sy e) / sy ds, ds,
0 0
_ r*M(r)
~ (Re(by) + 1) (Re(by) +2)°
Similarly, for the derivative |w'(r)|:
(

)] < e

Let

27)

r) —Re(b1)— /r Re(b1)+1 rM(r)
S dS —I——
) 2 > Re(by) + 1

|b1] 1 )
((Re(bg) TR0 +2) T Rely) +1) M)
Substituting these estimates into (25), the inequality reduces to:
|b1| + 3+ Re(bl)
<C M 0,70).
90 = € (et e gy ) MO € O

As before, for each r; < 7y, taking the maximum over [0, r;] yields

|b1] + 3 + Re(by)
M(m) <C ((Re(bg) +1)(Re(by) + 2)) M(ry).
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It
(Re(by) + 1)(Re(b1) + 2)
|b1] +3 + Re(by)
then M (r;) = 0, which in turn forces g = 0 on [0, ;). Consequently, by (27) we have w = 0
on [0, ry].

(28) C<

For the general case N > 3, define
g(?”) = DbN T ,Dblw(r)

d d d d
(29) _ r—bzv% (,rabN_bN—la (rbN—l_bN—Q% ( . .rb2—61% (,,,.blw(/ra>)) .. )) )

The inequality is given by

N-1 ;
|w (r)|
(30) lg(r)] <C ; — =

Given the vanishing conditions w*)(0) = 0 for k = 0,..., N — 1 and the constraints (19) on
b;, a recursive application of the L’Hopital’s rule ensures that the following limits vanish at the
origin:

d d d
lim rbj_bj*% <rbj1_bj2% ( . -7"62_1’1% (Tblw(r))) ) =0 forj=1,...,N.

r—0t

Thus performing N successive integration on (29) yields the integral representation of w(r):

T SN S3 $2
—b b1—b ba—b by_1—bn b
3 w(r)=r 1/ Sn 2/ sﬁ_f’-n/ Sy / s$7Vg(s1)dsydsy -+ dsy.
0 0 0 0

Differentiating this expression inductively, the j-th order derivative satisfies

r SN—j S92
G) b1 bjt1—bjt2 bjra—=bjys by o A
w (T) =r SN_j SN—j—l S g(sl) dSl d32 dSN_]
0 0

0
(32) j—1
Cj m (m) .
+ = "™ (r), j=1,...,N —1,
rJ—m
m=0
where the constants C} ,,, are dependent only on (b, ..., bx).

Let
M (r) := max |g(s)].

s€[0,r]
Utilizing the monotonicity of M (r), we obtain from (31) that

r s3 e
w(r)| SM(r)r‘Re(bl)/ sz%e(bl)_Re(bQ)---/ s?e(bN_l)Re(bN)/ sy dsy dsy -+ dsy

0 0 0
M(r) _Rew /r —Re(b1)—Re(bo) /53 Re(bn_1)—Re(bx )+Re(by )41
=7 © 1) S el e\v2) S CON -1 eON elON ds ..ds
Re(bN) + 1 0 N 0 2 2 N
rN M (r)

(33) = |
[TZ, (Re(b) + N —j+1)
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Similarly, through induction on j, it follows that there exist constants C; > 0 dependent only
on (by,...,by) such that

(34) WD ()| < CrNIM(r), §j=0,...,N—1.

Substituting the estimates (34) into the right-hand side of (30), the inequality reduces to

o) < © (Z @) M),

Finally, taking the maximum over [0, r1| for each r; < r, we find

M(r) < C (Ni q) M(r).

If
35) C< !
—N—1 ~
ijo Cj
then M (r1) = 0 necessarily. Consequently, w = 0 on the interval [0, r1]. The proof is complete.

g

Remark: As demonstrated in the proof, the upper bound for the constant C' in Theorem 5.2
can be explicitly determined in terms of the parameters b;, 7 = 1,..., N. The specific value
for C'is given in (24) for N = 1, (28) for N = 2, and (35) for the general cases N > 3.

Proof of Theorem 5.1: The proof follows from Theorem 5.2 by an argument similar to that

used in Theorem 4.2, and is therefore omitted.
O

Using a construction similar to that in Example 2, the following example shows that condi-
tion (19) is necessary for Theorem 5.1 to hold.

Example 4. Let (by,...,by) € CV be such that

jO—Re(bjO) — N = 1+«
for some jo € {1,..., N} and o > 0. Let w(r) = r!, where

lZ:jo—bjo—]_.
Then our assumption implies that Re(l) = jo — Re(bj,) —1 = N + a > N. Therefore
w € CY([0,1]) and
w(0)=0, j=0,...,N—1.

Moreover, by a direct computation,

Db .- -Dblw(r) = (l + bl) e (l - (JO - 1) + bj())?”l_jo =0.

Thus, inequality (18) is satisfied with h(r) = 0. This example shows that condition (19) is
necessary.

Jo

Example 5. One readily checks that assumption (19) is satisfied provided Re(b;) > —1 for all
7 =1,..., N. In particular, this holds for the radial component of the classic Laplace operator
A in R™. Indeed, if w is a radial function, Aw reduces to the following form in the radial
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variable r:
n—1

UJH + w/ = anlpow,
r

where b; = 0 and by = n — 1. Similarly, if w is radial, the operator A™ can be written as

A"w = (Dp1Dy) - -+ (Dn-1Do) w = (Dy1Dp)"™ w,

7/

vV
m times

so condition (19) is also satisfied.

Analogous to Corollary 4.4, the following uniqueness result holds for C solutions to a class
of linear singular systems with nonconstant coefficients. The proof is similar and is therefore
omitted. For the statement of this result, we define

(36) I = {(by,....,by) €CY :j—Re(b;) —N<1,j=1,...,N}.

Corollary 5.3. Let ry > 0 and N € Z™. Suppose that w = (wy, ..., w,) : [0,r9) — C” is CV
on [0,ry) and satisfies the differential system

h h
r r
for some functions h; € C([0,79)),j =1,...,N. Let Py, (o)

and (36), respectively. If

r € (0,79)

h(0) and I3 be as defined in (16)

77777

and

then w = 0 on [0, ry).

6. EXISTENCE OF SOLUTIONS TO EULER-TYPE ODES

In this section, we establish the existence of CV solutions to the following initial value

problem for a singular nonlinear system involving the operator Dy, - - - Dy, .

Theorem 6.1. Let ro > 0, N € Z*, and let (by, ..., by) € CV satisfy (19). Define the set of
indices A as

(37) A={-bj+j—1:5=1,....N}NA,
where A := {0,...,N — 1}. Given (; € C" for each j € A, there exists a solution u =
(u1,...,u,) € CN([0,70), C¥) to the nonlinear differential system

Doy - - Dyu(r) = f(ryu, ..., u™ D), e (0,70);
(38) W) =¢, jeN

u(0)=0, jeA\A,
where the vector-valued function f = (f1,..., f,) is continuous with respect to all its argu-
ments. If in addition f is locally Lipschitz continuous in (u, ..., uN=Y), then the solution is
unique.

Due to the singular nature of the operator Dy, --- D, at the origin, one might typically
expect homogeneous initial conditions at = 0 to be necessary to compensate for the singular
behavior. A notable aspect of our existence result Theorem 6.1 is that the initial jets may
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be freely prescribed whenever the corresponding index belongs to A. As demonstrated in the
lemma below, the indices in A are precisely the integer indicial roots of the operator Dy, - - - D,
that lie in the range {0,..., N — 1}.

1

Lemma 6.2. For each A\ € A, the power function 1 satisfies the homogeneous Euler initial
value problem

Dyy - Dpyu=0, 7€ (0,79);
uM(0) = A
u(0) =0, jeA\{\}

if and only if A € A.

Proof. Foreach \ € A, r* satisfies the initial conditions. To determine if r* is a solution, we
substitute u = 7* into the homogeneous equation. A straightforward computation yields

N
DbN T Dbl (T/\) = [H(A - (] - 1) + b]) T)\_N‘
j=1
Consequently, r* satisfies the homogeneous equation if and only if
N
[[A-G-1+p) =0,
j=1

ie.,ifandonlyif A\ € {j —1—b;:j=1,..., N}. This completes the proof.
U

While the initial jets corresponding to indices in A may be prescribed arbitrarily, as stated
in Theorem 6.1, the remaining initial jets must vanish to ensure the existence of a solution, as
explained below.

Remark 6.3. The jets corresponding to indices not in A must vanish in order to ensure com-
patibility and guarantee the existence of a CV solution to (38). Indeed, let j, be the smallest
index in A \ A such that the jy-th jet of the solution in the initial condition of (38) is nonzero.
Then for any C'V solution w to the initial value problem, according to the proof of Lemma 6.2
there exists a constant ¢ > 0 such that

1Dy -+ - Dy, u| = cr®o™N 4 o(rio™N) r << 1,

which diverges to infinity as » — 07 since jo, < N — 1. On the other hand, the right-hand side
|f(r,u, ..., uN=)| remains bounded near 0, which leads to a contradiction. This argument
does not apply to indices in A, since any potential singular contribution arising from jets of
such order is annihilated by Dy, - - - D, .

To prove Theorem 6.1, we first study the existence of C ([0, 7)) solutions to the system
with homogeneous initial conditions:

Dy - Dyu(r) = flryu, ..., u D), e (0,r)

(39) N1
u(0) = ' (0) = ... =™V (0) = 0.

Theorem 6.4. Let o > 0, N € Z7, and let (by, ..., by) € CV satisfy condition (19). Suppose

that f is a vector-valued function that is continuous with respect to all its variables. Then there

exists a CN ([0,70)) solution to the nonlinear differential system (39).
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The proof of this existence result under the continuity assumption on f essentially follows
the Carathéodory approach, combined with the lemma below to handle the singularity at the
origin. Recall that for k € Z* U {0}, the C* norm of a function u € C*([a, b]) is defined by

_ )
|l e (fa0)) Qfériﬁﬂ]lu (7)]-

Lemma 6.5. Let vy > 0, N € Z*, and (by,...,by) € CV satisfy condition (19). For any
g € C([0,70)), define the operator T by

rfbl 07" S?\} bo OSN 3?\2[:?3 L f083 SSN—1—bN 082 S?Ng(81> d81 . dSN, re (0,7’0);
(Tg)(r) =
07 r=0.
Then Tg € CN([0,70)) and satisfies the system
Dyy Dy, (Tg) =g, 1€ (0,70)
(T9)(0) =...=(Tg)" " (0) = 0.

Furthermore, for any ry < ro, the operator T is bounded from C([0,71]) into CN([0,71]). In
particular, there exists a constant C' > 0 independent of r such that

(40)

(41) 1T gllev-10,m7) < Cr1llglleqor
and
(42) 1(T9) ™ lleqory < Cllgllogor)-

Proof. As seen in the proof of Theorem 5.1, the admissibility condition (19) ensures that the
iterated integral in the definition of 7 is well-defined. Furthermore, Tg € CV((0,r;)) and
satisfies the system (40). The bound (41) follows directly from (34). Consequently, it remains
only to show that (7 ¢)"Y) is continuous at 0 and satisfies (42).

Recall that (32) with j = N — 1 yields

Cn-1,m
(43) (TN V(r) = r_bN/ g(s1)dsy + Z ]\],V 11 — 9) ™) (r).
0
Before proceeding to the N-th derivative of T g, we ﬁrst Clalm that
- (Tg)"™(r) _ _

(44) Tli)%:_r]v—im—amg(()), m—O,,N—l,
where

1)tm) N!
(45) am = D) _ _

raTm (N—m)!-szl(bj+N—]+1)

Indeed, to see this, we first estimate 7 (g — ¢(0)) by replacing g in the expression of (31) by
g — g(0). The estimate (33) yields

7 (9= 9(0) (r)]| _ _ maxseo, |9(s) = 9(0)]

i ~ L5 (Re(b) + N —j+1)
Since ¢ is continuous at r = 0, the right-hand side goes to zero as » — 0. Hence
. Ty(r) _ T(9(0)) _ Ti(r) _ 9(0) _
rli>0+ N N 9(0)- N = a0g(0).

Hj‘vﬂ(bj‘i‘N_j"‘l)
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A similar argument as above can further show that

(T (g — g(0)))"™ ()]

,,ame

—~0, m=0,..., N—1

as r — 07 as well. Thus

(T9)"™(r) _ (T(g(0))(r))™(r) _ 4(0) - (TL(r) "™ (r)

lim =
root  piN-m rN-m rN-m

= a,,9(0).

The claim (44) is proved.

We now verify the continuity of the N-th derivative of 7 g at 0. Since (7¢)™¥~1(0) = 0, we
use the definition of derivative along with (43), L’Hopital’s Rule, and the limit established in
(44) to obtain

(T ™M (0) = Tim (Tg) N0 (r) = (Tg)N(0)

r—0t r
RET —by— N lm m)
(o [ £ )
9(0)

(46)

— T + mzzo CN-1.mmg(0).

On the other hand, for r € (0, 1), differentiating (43) with respect to r yields

7)) = () = 2 (0 [ oty

N-2

(N =1 —m)CNetm o i« Ot e o
# Y (P g ) 4 S e
m=0

<

bN N—-1 sy C'Nfl m
=g(r) -~ (Tg)"=D(r) - o (Tg)"™(r)
m=0
N—-2
S o 3 s

m=0

N-1 (m)
@7) =g+ > ON,m%—mm,

where the coefficients {Cx , }o<m<n—1 are determined by {Cn_1 ., fo<m<n—2, via the follow-
ing relations:

Crno = (bxy — (N —1))Cy-_1,,
(48) CNm = (bN —(N—-1- m))CN—l,m +Cn—tm—1, 1<m <N -2,

Cnn-1=Cn_1n-2—bn.

Taking the limit as » — 0" in (47) and applying the limit established in (44), we find

(T9)"™(r)
lim (7)™ +ZC i (T
N-1
(49) =9(0)+ > Cnmang(0).

m=0
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In view of (49) and (46), the contlnulty of (T¢)"™) at 0 is therefore equivalent to the identity

1
by +1

+ZCN lmam_1+ZCNmam

m=0

By substituting the recurrence relatlons (48) for C'y ,, and using the relation
i1 = (N —m)ay,

from (45), we observe that

N-1 N-2
Z CNmm = Z ((bx = (N =1=m))Cx—1m + Cn1m1)m
m=0 m=

Substituting this back into our equivalence condition, we see that the continuity holds if

bN+1+ZCN Lm@m =14 (by + 1) ;CN Lm@m = bNGN-1,
which simplifies to
by N—2
0= b CN—1,mm — b
bN+1+NZ N—1,m@ NAN-1
1 N-2
50 =b - T aN-1 )
(50) N<bN+1+mZ:0CN 1,m0m — AN 1>

On the other hand, from (43) and the definition of a,, in (45) it follows immediately that
(THOD(r) _r= [o s ds + SN2 St (T1) ) (1)

aN-1 = =
T T
N-2 N-2
1 (T1)™(r) 1
= Cn_ m - Cn- mYm:
bN+1+mz::o N-1, N-m bN+1+mZ::O N—-1,m@

Therefore, (50) holds and we thus conclude that (7¢)™) € C([0,7]). Finally, the estimate
(42) follows from (47) and (34).
U

Proof of Theorem 6.4: Let the operator 7 and the constant C' be given as in Lemma 6.5,
satisfying (41) and (42). Define

(51) M = sup |f(r7p07"'7pN—1)|7

r€[0,1],]p; <1,

and choose 0 < 1 < min{1, 7o} such that
MCr < 1.
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It suffices to show that there exists a CV ([0, 7;]) solution to the system (39) on [0, 7). Indeed,
for r; < r < rp, the system is non-singular. Thus any local solution u extends uniquely to a
C™N ([0, o)) solution by the standard continuation theorem for initial value problems of ordinary
differential equations.

We construct a sequence of functions (u;);>; inductively as follows. For each | € Z*, define

w(r) =0, re [O, %} ,
and for each j = 2, ..., set
_ T ) — 1)y gr

(52) w(r):=T (f(~,ul, . ,ul(N D)) (r - —1> , TE ((]l#’ ]Tl} .
From (40), it is straightforward to verify that u; € CV=1([0,74]).

We now estimate the CV~! norm of ;. Clearly,

||ul||CN71([0’TT1]) =0<1.
Proceeding inductively for each j = 2,... [, we apply (41) to obtain
lwll s gy < Cre sup |f( s ,ul(Nfl))| < MCr < 1.
bt refo, 4=

Combining these estimates, we find that

|l on-10,mp) < 1-

Thus, the sequence (u;) is uniformly bounded in CN=1([0, 7,]).
Furthermore, by construction, ul(N) is continuous on [0, ] except possibly at r = . By

(42), we have
Plsmory <€ s f (™ )] < OM.
re|0,r1

I
The equicontinuity of (v;) and its derivatives up to order N — 1 follows from the inequality

| | .
[ (1) — ui? (t2)] < max{||urllen—1 (o 1™ oo HEr — to]
:max{l,C'M}~|t1—t2\, ]:O,,N—l

Therefore, by the Arzela-Ascoli theorem, there exists a subsequence, still denoted by (v;),
such that w; — w uniformly in CN~1([0,7]) norm. Taking the limit as [ — oo in (52) and
invoking the continuity of f, we obtain

u = T(f(-,u,...,u(N_l))).

Since f(-,u,...,u™¥ V) € C(]0,7]), Lemma 6.5 implies that u € C™([0,r]). In addition,
by (40), u satisfies the initial value problem (39) on [0, r;]. The proof is complete.
O

If f is additionally locally Lipschitz continuous with respect to the variables (u, ..., u(N=1),
the existence of a solution to (39) can alternatively be established using a contraction mapping
principle. For the reader’s convenience, we provide the details of this alternative proof below.
Recall that f : R! — CY is said to be locally Lipschitz if it is Lipschitz on every small neigh-
borhood of each point. Equivalently, for every compact set X C R!, there exists some constant
L dependent on K such that

[f(z) = f(y)| < Lz —y| for z,y € K.
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Theorem 6.6. Let 7o > 0, N € ZT and (by,...,by) € CV satisfy (19). There exists a
CN([0,70)) solution to the nonlinear differential system (39) provided that f is continuous
in all variables and locally Lipschitz continuous with respect to the variable (u, ..., uN=).

Proof. Let ry € (0,7¢) be a sufficiently small number to be determined later. As in the proof
of Theorem 6.4, we only need to show the existence of C solutions on [0,7]. Let X be the
closed subset of CV ([0, r,]) defined by
X = {ue¥(0,r]) : u(0) =0forj=0,...,N =1, and ||[uf ev-1(omy < 1}
Then X is a complete metric space with respect to the induced metric
d(u,v) = ||u —v||ey-1(0, for u,v e X.

We shall establish the existence of C solutions by applying the contraction mapping principle
(see [2, Theorem 5.7]) to a suitably defined operator on X.
Given u € X, define
O(u) =T (f(,uy...,uV D)),
By Lemma 6.5 and the fact that f(-,u,...,u" =) € C([0,71]), we know ®(u) € CN([0,71])
with u)(0) = 0 for j = 0,..., N — 1. Moreover, by (41),
HT(f< U 7U(N71))) ”C’N—l([o,m]) < Crle( Uy 7u(N71))HC([O,r1]) < CrlM,

where M 1is defined in (51). Thus, by choosing r; such that C'ry M < 1, one has & maps X
into itself.

Furthermore, since f is locally Lipschitz continuous with respect to (u, . . . , u( , for any
u,v € X, the functions f(-,u,...,u™=Y) and f(-,v,...,v®™=V) belong to C([0,7,]) and
satisfy the estimate

£ Gy u®™ D) = f oy 0™ ) ooy < Lllu = vllon-1om),
where L > 01is the Lipschitz constant of f(r, po, ..., pn—1) onthe compactset {r € [0,1], |p;| <
1,7=0,..., N — 1}. Consequently, by the estimate in (41), we have
d(®(u), ®(v)) = [[®(u) = @(v)llev-1(o,m))
<O | fCuy e a™ ) = fo 0™ ) oo
< CLri|ju —v|env-1(orm)) = (CLr1)d(u,v).

N—l))

By further shrinking r; such that C'Lr; < 1, the mapping ¢ becomes a contraction on the
complete metric space X.

According to the contraction mapping principle, ¢ possesses a unique fixed point u € X C
C™([0,71]). By construction, this fixed point satisfies the homogeneous initial conditions and
solves the differential system

DbN Ce Dblu — Db[\] e Dbl (@(u)) — f(r7u’ L. 7U(N_1)) on (07 Tl)-
O

We are now ready to prove the existence and uniqueness of solutions with nonhomogeneous
initial conditions, specifically those corresponding to the orders in A.
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Proof of Theorem 6.1: First, by Lemma 6.2, the function
R
jEA

satisfies
Dy, - Dpu=0, re€(0,79)

u(j)(O) =(, JEN
u?(0) =0, j€ A\A.

We seek a solution to (38) of the form v = @ + h. Substituting this into the equation yields the
following initial value problem

Dy, - Dyyi(r) = f(rya, ..., a™N"V), v e (0,7)
{a(()) =a/(0) = - =a""1(0),

where the nonlinearity is defined as
flrya, ..., a™N )= f(ria+h,... (a+h)ND).

According to the existence result in Theorem 6.4, this homogeneous initial value problem ad-
mits a solution & € CV ([0, ry)). Consequently, u = @ + h is a C solution to (38).

Next, we establish uniqueness. Suppose u and v are both C'V solutions to the system (38).
Then w := u—v and its derivatives up to order N — 1 vanish at the origin. Moreover, w satisfies

Dy -+ Dyp,w = f(r,u,...,u(N_l)) — f(r,v,...,v(N_l)).

Taking the absolute value of both sides and applying the Lipschitz continuity of f, we obtain
that for any r; < rg, there exists a constant L, > 0 such that

N-1
Dy -+ Do) < L) [w? ()] for r € (0,r1).
=0

It follows from Theorem 5.1 with A(r) = Lr that w = 0 on the interval [0, r;]. Since r; was

chosen arbitrarily, we conclude that u = v on [0, ). This completes the proof.
U

7. PROOF OF THEOREMS 1.1 AND 1.2

Let (M, g) denote a smooth, n-dimensional manifold equipped with a Riemannian metric g.
For a fixed point p € M, a normal neighborhood U, of p is the diffeomorphic image under the
exponential map exp, of a bounded star-shaped neighborhood of 0 € 7}, M ([16]). Any point
in U, is connected to p by a unique, length-minimizing geodesic within U,,.

The proof of Theorem 1.1 proceeds by reducing the inequality (1) for geodesically radially
symmetric functions to an ordinary differential system of the form (18), which makes Theorem
5.1 applicable. This reduction is carried out below in detail using geodesic polar coordinates.

To begin with, we may choose geodesic polar coordinates (r,6',...,0" ') in U, where

r=dy(-,p)

is the geodesic distance from the center that is smooth in U, \ {p}. Here the angular coordinates
6 = (6',...,0" ") are defined on the standard unit sphere S"~! C T,M, and parameterize
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points on the geodesic sphere S,.(p) via the exponential map exp,(r6). In these coordinates,
each point in U, \ {p} is represented by (r,0) € V, with
Vi={r0):0<r<rg S}

where 7y > 0 denotes the radial bound in the direction 6. By the Gauss Lemma, the metric g
on U, \ {p} decomposes in the geodesic polar coordinates as

n—1 n—1
(53)  g=dr’+ > ga(r,0)d0°de” = dr* +1* > ya(r,0)do"de’, (r,0) €V,
a,b=1 a,b=1
where v(r,0) = (Ya(r, 0))2;;1 extends as a smooth family of Riemannian metrics on S™*

defined for r € [0, ) such that v(0, ) is the standard round metric on S™*. In particular,  is
uniformly positive definite on V.
Consequently, we introduce the scale-invariant frame

(54) Xo:=0,, X, =r'0p fora=1,...,n—1.
A direct computation shows
9(Xo0,X0) =1, ¢(Xo,X,) =0, and ¢(X,, Xp) = vas(r,0).
Let gx; := g(Xy, X;),0 < k,I < n — 1. Then the matrix (gy;) takes the block-diagonal form

(G) = (cl) ol e)) |

Since 745(7, 0) is smooth and uniformly positive definite up to » = 0, it follows that (gx;)
is also smooth and uniformly positive definite near » = 0. Consequently, the frame {X}
is uniformly equivalent to an orthonormal frame. With respect to this frame, we define the
connection coefficients wfj by

n—1
VXin = waij,
k=0
where V denotes the Levi-Civita connection associated with g. Clearly, wfj is smooth on U, \
{p}. We first establish estimates for wfj in the following lemma.

Lemma 7.1. With the above notations, there exists some constant C' > 0 such that
wigl <Cr™t on U, \ {p}
foralli,j ke{0,...,n—1}.

Proof. Since

n—1
9(Vx, X5, X)) = whigu,
k=0

multiplying both sides by the inverse matrix (§*),,,, yields

n—1

wh = M9(Vx, X5, X)).

=0
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Due to the uniform boundedness of (§*'),,x,, it suffices to show that the terms g(Vx, X}, X;)
are all O(r~'). By the Koszul formula,

29(Vx, X, Xi) = Xi (9(X;, X1)) + X; (9(Xi, Xp)) — Xi (9(X3, X))

N S

—~
part I

+ 9([Xi, X;], Xo) — 9([Xi, Xu], X;) — 9([X;, X, Xi) -

J

TV
part IT

We first analyze the derivative terms in part I. Since 7 is smooth at r = 0, 0,7, and Ope Y
(where ¢ = 1,...,n—1) are all bounded. Consequently, the radial derivatives X, (g(X,, X)) =
OrYap are O(1), and the angular derivatives X (g(X,, X)) = 7 10pcvap are O(r~1). Thus, all
terms in part [ are at most O(r ).

For terms in part II, the only non-vanishing commutators for the frame elements are

[XO’ Xa] - 3r(7’_189a) - T_laaaar = —T_Qaaa = —T_lX(u

while [X,, X;] = 0 forall a,b = 1,...,n — 1. Therefore, all bracket terms are either 0 or of
the form g(£r~'X,, X;). Given that g(X;, X;) is bounded, those terms are all O(r~!). Hence,
all terms in part IT are O(r~1).
Combining the two parts, we have ¢(Vx, X}, X;) = O(r~!). This completes the proof.
U

Lemma 7.2. With the preceding notations, for each positive integer k < N, there exists a
constant Cy, > 0 such that for every vector-valued function f € C™ (U, \ {p}, R"),

VI <Ce Yo e t|orals| on U\ (o).
at|B|<k

Proof. Since the frame { Xy, ..., X,,_1} is uniformly equivalent to an orthonormal frame, there
exists C' > 0 such that

n—1
Vefl<C Y [(VeN (X, X3l

21,0 =0

Thus it suffices to estimate the components
k
T = (VEA (X, - Xay).
We claim that for each multi-index I = (i1, . .., ;) of length k,
(55) TV = 3" Apas(r,0)ro7t 020 f,
a+|B|<k

where A, 3 are smooth and uniformly bounded functions. This claim immediately implies the
desired estimate.

We prove (55) by induction on k. For k£ = 1, the components of the differential are simply
the directional derivatives:

(Vof)(Xo) = Xof =0:f,  (Vef)(Xa) = Xof =17 0pa .

Both expressions match the form of (55) with constant scalar coefficients, satisfying the base
case.
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Assume the claim holds for some k£ > 1. For j € {0,...,n — 1}, the definition of the
covariant derivative gives

Tt = (Vi X

k
k
=X (TI( )> — Z(V’;f> (Xz'l, , Vx, Xi,, ,sz)
s=1
k n-1
(k I (k)
B J (TI )) o w]le 7;(1,...717 ik
N——  s=1 =0
Derivative Term ~- ~

Connection Terms

For the derivative term, if 7 = 0, then Xy = 0, and differentiating (55) gives

Xo (1) =0, | > Avaslr0)to00) s
a+|B|<k
= 3 [@ A OO + Apapla = KOO f + Apa a0 ).
at|B|<k

By consolidating terms and shifting the indices of summation as needed to absorb the higher
derivative, we can rewrite the expression using the original dummy variables « and /3 to obtain

Xo (TF) = >0 Apas(r0)r* S0 920] .
a+|BI<k+1

where A I,a,8 are smooth and bounded.
Ifj=afora=1,...,n— 1, then X, = r 10y, and similar differentiation yields

Xa <TI(]€)) — T_laea Z AI,OA,B(T, Q),r,a—ka?agf
a+|B[<k
= Z |:<80aAl,a,ﬁ)ro‘*(k+l)aﬁa§f + ALa’ﬁraf(kJrl)agaeﬁJreaf] .
a+|B|<k

Again, by shifting the multi-index in the second term to absorb e, (the a-th standard basis
vector) and relabeling the dummy variables back to « and /3, we find

X (1) = Y Arasr )0 020]
a+|B|<k+1
with smooth, bounded coefficients nyaﬁ. Hence, the desired structure is preserved for the

derivative term.
For the connection terms, Lemma 7.1 implies

Wt = r’lBé.is (r,0),

Je

where B;Z is smooth and bounded. Combining this with the inductive expression for Tz(lk) Lo
we obtain a linear combination of terms of the form

Ao p(r,0) o=+ gogl f,

b

where A 1., 18 again smooth and bounded. Therefore, the desired structure is preserved for the
connection terms as well. Altogether, the claim holds for k£ + 1, completing the induction. [J
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Applying Lemma 7.2 to a geodesically radially symmetric function u yields the following
simple estimate immediately.

Lemma 7.3. Let (M, g) be a Riemannian manifold, p € M, and N € Z*. Let U, be a
normal neighborhood of p, and r = dy(-, p) be the geodesic distance from p. Then for each
nonnegative integer j < N, there exists a constant C' > 0 such that, for every function u =
o(r) € CN(U, \ {p}, R¥) that is geodesically radially symmetric in U, about p, we have

J
(56) Viul < C> " (r)| ¥ on U, \ {p}.

k=1

Next, we consider the Laplace-Beltrami operator A,. Let |g| = det(g;;) denote the determi-
nant of the metric tensor. In geodesic polar coordinates (7, §) € V, the Laplacian of a function
u is given by (cf. [25])

_ L0 ou w 0u
Ag“\/mar( ‘g‘ar) \/_Zaea< olg aeb)
0*u 1 0 |g|8u nzl < p Ou
_ v a4 )

o g or or o0 o0

Since the metric on the geodesic spheres S, scales as g,y = r%yq for 1 < a,b < n — 1, the
determinant satisfies \/|g| = 7"~ 11/|7|. A direct computation then yields

n—1 _
- LoVl _ 1oV _n-1 1 ayhl

\/m or rn—l\/m or r \/m or
Recall that the family ~y(r, -) is smooth and uniformly positive definite for r € [0, 7). By the
expansion of Jacobi fields in normal coordinates, the metric components g;; and the volume
density \/E are even functions of 7 near the origin. Specifically, \/m = 1+ O(r?), which
implies that the function

L Oyl 0
S = —log +/
Vi or or 8 vl
is an odd smooth function with respect to r near the origin. It follows that we can write
1 04/
(58) M _ g0
Vil o

for some function ¥ that is smooth on V. Geometrically, the leading term is determined by the
Ricci curvature, with U(0,0) = —3 Ric, (9, 9,).
Furthermore, the angular part of the Laplacian simpliﬁes as

a OU b OU 1
(59) Z 00 ( 919 baeb) T2 \/_ Z 900 ( b baeb> = Eheat

abl

where A,y(ryg) denotes the Laplace-Beltrami operator on the unit sphere S™~! with respect to
the metric (r, §). Consequently, we obtain the decomposition



LOCAL RADIAL RIGIDITY 31

0’u n—10u ou 1
(60) Agtt = <ﬁ + r 87“) +r¥(r0)5 or + r2 Borot
Amu
where o 18
Ardy, — ou n—.10u
Y or? + r  or

denotes the radial part of the flat Euclidean Laplacian.

For a geodesically radial function u = ¢(r), we have
A"y =D, 1Dog(r),

where the operator D,, for b € C is defined as in (5). Repeated application of (60) to such func-
tions yields the following decomposition for higher powers of the Laplace—Beltrami operator.

Lemma 7.4. Let (M, g) be a Riemannian manifold, m € Z* and p € M. Let U, be a normal
neighborhood of p, and let r = dy(-, p) be the geodesic distance from p. Suppose uw = ¢(r) €
C*™(U, \ {p},R") is geodesically radially symmetric in U, about p. Then

2m—1 ¢(k) (T)
(61) Ayu = (Dp_1Do)™ ¢(r) + Z Ep i, Q)M on Uy \ {p},

where each scalar coefficient function E,, ;(r,0) extends smoothly to V.

Proof. We proceed by induction on m. The base case m = 1 follows directly from (60). Since
u = ¢(r) is a radial function, the angular derivatives all vanish. Thus

6 Dgu=DuDoolr) + U0 (r) = Doy Dolr) + Es(r.0) 0

-1

where F; ; := ¥ is a smooth function on V.
Now, assume the expansion (61) holds for A?. We will show that it holds for A;”“. By the
inductive hypothesis,
2m—1

63) A"y =A, (ATu) = Ay((Dy1Do)™ Z A, ( )M> ,

g r2m —k—2

where E,, ;, are all smooth functions on V. Recall that by Lemma 3.1 there exist constants
ai, ..., Qo such that

(Dn1Dp)™ Z sz 3
(The sum starts at 7 = 1 because of the initial D, operator). Applying (62) to (D,,_1Dy)"™ &(r)
yields

2m—+1 ()
Ay (Daet Do) (1)) = (Dys Do) ™ 6() + By (r0) 3 s )

7«2m71
=1
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for some constants ay, . . ., do,,+1. Hence, (63) becomes
2m—+1 2m—1

(z
A7 — (D1 D)™ ¢(r) = Era(r,0) Z ¢ + Z A, ( mk(T,0) 2m - 2)

=1

2m+1 T) 2m—1 (T)
ZalEllre) Ty ZQ—l—ZA mkr@) — |-

=1

. k) )
It remains to show that each term A <Em7k(r, 0) rfm,@z> can be expressed as a linear com-
bination of the form

39 (1) o9 (1)
Ey(r, 9)r2(m+1)7]’72 Ej(r,0)—n r2m—j’
where 7 = 1,...,2m + 1 and E (7’ 0) are smooth functions on V. By the product rule for
Laplacian and applylng (62) to 2m G )2 ,foreachk =1,...,2m — 1, we have

Ag( m,k 2mk2)

¢"(r)
= kaAg < C—— 2) A Em’k + 2 <ngm,k; Vg (m
g

(k) 1 d /oW
(64) = EniDn-1Dy ( ¢ ( ) > + Em,kEl,lTla <Tq25m_(kr_)2)

(k) (k)
AN 0B +2(8. B ) — d <7f§m—_,:_)2) .

r2mk2 dr

In the last step, we used the facts that Tfj,@? is a purely radial function, the radial vector field

0, has unit norm, and 0, is orthogonal to the geodesic spheres
For the first term of (64), using D,,_1Dy = 9> + 8T, we obtain

k+2
o™ (r)
EchDn—lDo (7,.2— - m k Z sz r

for some constants ¢y, Ci+1, Cp+2. Similarly, the second and fourth terms can be written as

L4 *) (. k+1
EniEy1—— (imi)z) 72 B, K ZC] ¢2 4 )’

fldr m—j
j=k

(k)T k+1
20ns) g (s ) = Crov o) 55

for some constants ¢y, Cp1.
It remains to consider the third term. Applying (60) to £, j, gives

&%) (1) 1 ¢®) (r)
r2m - QA Em k= afEm, m,k + T\I/arEm,k? + ﬁA’Y(T»G)Emvk 2m—k—2
o™ (r)

_(282 mk—}—(n—l)r@Emk—l—r \I/8Emk+A,y(r9 mk)

2mk:

Thus each contribution has the required form, with all the resulting coefficients smooth on V.
Hence the decomposition (61) holds with m replaced by m + 1. This completes the proof by
induction. U
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The decomposition in Lemma 7.4 can be seen explicitly in the constant-curvature model
spaces. The following example shows that, near the pole, the Laplace-Beltrami operator sepa-
rates into the Euclidean radial Laplacian and curvature-dependent lower-order terms.

Example 6. Consider the action of the Laplace-Beltrami operator on a radial function u = ¢(r)
in the standard simply connected space forms.
For the standard unit sphere S™, the operator is given by

Agnd = ¢" 4+ (n — 1) cot(r)¢'.
Expanding cot(r) near r = 0 yields
Agngp = ¢ (r) +

Arady,

n—1 n—1

Similarly, for the hyperbolic space H", one has
Agng = ¢" + (n — 1) coth(r)¢'.
Expanding coth(r) near r = 0 yields

n—1

10/ (1) + 009 (1)

Brany = () + "0/ ) +

~~
Aradq,

Thus, in both cases, the Euclidean radial Laplacian appears as the principal singular part of the
operator. The curvature contributes lower-order terms of size O(r)¢'(r), illustrating that the
deviation of the metric from the Euclidean metric affects only the admissible error terms and
not the leading singular structure.

Finally, to prove Theorem 1.1, we use the following observation: all odd-order radial deriva-
tives of a smooth, locally radially symmetric function vanish at the center.

Lemma 7.5. Let (M, g) be a Riemannian manifold, m € Z* and p € M. Let U, be a normal
neighborhood of p, and let v = d,(-,p) be the geodesic distance from p. Suppose a vector-
valued function u € C*™(U,, R") is locally geodesically radially symmetric about p. Then all
odd-order radial derivatives of u at p up to order 2m — 1 vanish:

0¥ lu(p) =0,  j=1,...,m.

Proof. Fix a unit vector # € S"' C T,M, and consider the geodesic v4(t) = exp,(t0),
|t| < ry. Define

B(t) == u(yo(t)).
Since u € C?™(U,, R”) and 4 is smooth, we have ¢ € C*™((—ry,19), R”). Moreover, by local
geodesic radial symmetry,

6(t) = ulexp,(10)) = $(d, (p, exp, (1)) = (¢]).

Hence ¢ is an even function. Therefore,

99(0) = 0

for every odd integer ¢ < 2m — 1. Since the ¢-th radial derivative of u at p is identified with
#@(0) = ¢9(0), we obtain

0 u(p) = 0, j=1,...,m.
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This proves the lemma.
O

Proof of Theorem 1.1: Let u € C*™(U,,R¥) satisfy the inequality (1) and be geodesically
radially symmetric in U, about p. To establish the theorem, it suffices to show that if 9% u(p) =
Oforall j =0,...,m —1, thenu = 0 on U,.

First, it follows from Lemma 7.5 that all the radial derivatives of u up to order 2m — 1 vanish
at p. Let ¢(r) be the associated radial profile such that u = ¢(r) for r € [0,74). Then

p90)=0, j=0,...,2m— 1.

We claim that these vanishing jets up to order 2m — 1, under the constraint of (1), imply that
u = 0 in U,, which satisfies the second case of the theorem.
By Lemma 7.3, the covariant derivatives of u satisfy the bound

J
Viul < Co ) 6@ ()| r*7 on U, \ {p}
k=1

for j > 1. Thus, there exists a constant C'; > 0 such that

2m—1 2m—1 J 2m—1
(65) Z|Vﬂu|<c ZZ <Clz’¢ on U \ {p}.
7=0 k=0
On the other hand, by Lemma 7.4,
2m—1
Alu = (Dn1Dy)" ¢(r) + Z B (7, H)M on Uy \ {p},
k=1
with
| Bk (r,0)] < Cy onV
for a constant Cy > 0. Therefore,
. 2m—1 ‘Qb |
[(Da s Do) 6(r)| < |Agu] + C Z T2
2m— ; 2m—1 ‘¢ |
<C Z Viu| + Cs Z
j=0
2m— l‘ 2m—1
<C- Clz 2m1k+0 Z
) 2m—1 |¢ r ‘
= (0017” + 027” ) Z 72771——1€’ € (O,To),
k=0
where 79 := Supgegn-179 < 00. By Theorem 5.1, we know ¢ = 0 for r € [0,r), and

equivalently, v = 0 in U,,.
O

Remark 7.6. The above estimates show that the conclusion of Theorem 1.1 still holds if con-
dition (1) is replaced by the weaker inequality
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AT < <— Z Vil on U\ {p},
=0

where h is a non-negative continuous functlon near 0 with ~2(0) = 0. Indeed, applying this
weaker bound essentially replaces the Cr term in the final estimate with Ci(r), yielding an
overall coefficient bounded by (C1h(r) + Cyr?). Since this still vanishes at 7 = 0, Theorem
5.1 applies just as before.

We next consider the following quasilinear Poisson system near p € M:
{A?u = f(,u,Vgu,..., Vzm’lu) near p,

Viu(p) = ¢, j=0,...,2m— 1.

The local existence theory for such systems in the Euclidean setting was established by the first
and third authors in [24]. More precisely, for every vector-valued function f € C'“ (where
0 < a < 1), there exist infinitely many local C?"™® solutions to the above Poisson system
with arbitrarily prescribed admissible initial jets. On general Riemannian manifolds, the case
m = 1 was treated by the first and second authors in [23]. With suitable modifications, their
method extends to the case m > 1. As an immediate consequence of Theorem 1.1, we obtain
Theorem 1.2 regarding the local uniqueness property for such systems under an additional
radial symmetry assumption.

Proof of Theorem 1.2: Let w := u — v. Since u and v both solve (2), we have
ATw = f(-,u,Vgu,..., V2" ) — f(-,0,Vgv,..., Vi 1)

Because f is locally Lipschitz and u,v € C*™, it follows that for every Up € U, there exists a

constant C' > 0 such that
2m—1

Arw| < C Y |Viw| in U,
=0
Moreover, by assumption w is geodesically radially symmetric in U, about p, and all even-order
radial derivatives of w up to order 2m — 2 vanish at p. It then follows from Theorem 1.1 that
w=01in U That is, v = v in U Since U is arbitrary, u = v in U,.
OJ

In the following example, we construct a pair of smooth nonradial functions v and v such
that the difference u — v is geodesically radially symmetric and the jets of v and v at the center
agree to arbitrary order. In particular, according to Theorem 1.2, there is no equation of the
form (2) that is satisfied simultaneously by these two functions.

Example 7. Consider the Poincaré metric on the unit disc D in C:

4 (dz?* + dy?)

According to classical complex analysis theory, the hyperbolic distance from z = =z + iy € D
to any point a € DD is given by

ds® =

zZ—a

dp(z,a) = 2tanh™!

1—az|’
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1
Let ¢ € C*([0, 1)) be a function that is flat at 0. For instance, take ¢(r) = e "> on (0,1), and
extend it continuously to r = 0. Define

u(z) =x+ ¢ (
Then neither u nor v is locally geodesically radially symmetric about a. However, their differ-
ence

Z—a

1—az
and
v(z) = x.

u(2) — v() = ¢ o tanh (%dm(z, a))

is geodesically radially symmetric in D about a. Moreover, since ¢ is flat at 0, the function
u — v vanishes to infinite order at a. Hence the jets of u and v agree to arbitrary order at a.

8. PROOF OF THEOREM 2.5

Let (M,w) be a Kihler manifold of complex dimension n. In this section we study the
local aspects of the Calabi—Yau equation on M. We begin by analyzing a local rigidity phe-
nomenon under a radial symmetry assumption. We then establish the existence of abundant
local potentials by prescribing jets up to order 2 at a fixed point p € M. Altogether, these
results yield Theorem 2.5. Throughout the section, we choose local holomorphic coordinates

z=(z',...,2") near p, and write

w = \/—_1%3 dz' N dZ.
Here and in what follows we use the Einstein summation convention, so repeated indices are
summed over {1,...,n}.
The proof of the rigidity part of Theorem 2.5 is based on linearizing equation (3) along the
segment joining the two potential functions. As will be shown, the resulting equation for their
difference satisfies a linear elliptic equation. Under the assumption that the difference of the

potential functions is locally geodesically radial about p, the equation reduces, with the aid of
the following lemma, to a singular radial ODE of the type covered by Theorem 5.1.

Lemma 8.1. Let (M, w) be a Kiihler manifold, and g be the Riemannian metric induced by w.
Fixp € M, and let r = dy(-, p) be the geodesic distance from p. Choose holomorphic normal

coordinates z = (2',...,2") centered at p, and write £ = ‘;Z' Then, away from p and for z
sufficiently small, we have
(66) r, = % + O(r),
and
(67) L5y — =8¢+ 0()
rg=—0; — — )
oo 4y

Here ry = Ojr, r;; = 0;0;r, and O(1) denotes a term uniformly bounded as r — 0.

Proof. In holomorphic normal coordinates, 7(z) = |z| + O(|z|?). Therefore

r, = 81»7’ = E + O(T),
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which proves (66).
It remains to prove (67). In geodesic polar coordinates (r,#) for the Riemannian metric g
induced by w, the metric has the form

g = dr® + r*y,(r,0) do°do"’,

where 745(7, €) is smooth and uniformly positive for r small, and v, (0, #) is the standard metric
on S?"~1, Hence

VA0, =0, V{0, 0) = 30.0%m) = 17(0,0) + O(2).
See, for instance, [25, pp. 49]. This gives the intrinsic expansion
(68) Vir = %(g—dr@dr) +0(1).
Taking the (1, 1)-component of (68) and making use of (66) further give

1 1 1 1

2r
This proves the lemma.

Proof of Theorem 2.5 part 2: Define

wy _
F(p) :=log w_:’ where w, = w + v —1090¢p.

Then equation (3) is equivalent to
F(p) = f.

Let o and ¢; be two solutions and set u := @1 — @q. Letting
Yy 1= Yo + tu, 0<t<,

the fundamental theorem of calculus gives

1

(69) 0= Flg1) ~ Fleo) = [ DoFlu)dr
0

The linearization D, F' is computed as follows. Since

Woprtsu = We, + 5V —1 00,

we have B
(wWy, + sv/—100u)™

wn

d 1
= — 0
ds|,_q &

Let g; be the Kahler metric associated to w,,. In local holomorphic coordinates, g, ;; = g;; +
(¢¢);;. Hence

D%F(U)

Flu) = 2

D p—
ds

log det(gt,ij + s uzj) = gzzfjuzj (Z Awwt u) ’
s=0

Pt

where g? denotes the inverse matrix of g, ;; and the last step has used the matrix identity
4 o logdet(A + sB) = tr(A~"'B) for two matrices A and B with A invertible. Combining

ds |s=
1 P
0

this with (69) gives
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Set a' = fol g dt. Since each ¢’ is positive definite, a*/ is positive definite, and u satisfies
(70) alug; = 0.

Assume now that u is geodesically radial with respect to the induced Riemannian metric g
in a normal neighborhood U, of p, so that u(z) = ¢(r(z)) for some single variable function
¢, where 7(2) = dg4(z,p). All derivatives u,; are taken with respect to local holomorphic
coordinates. By the chain rule in holomorphic coordinates,

u; = ¢ (r)r and  w; = ¢"(r)rir; + &' (r)ri;.
Substituting this into (70), we obtain
(71) a’jnr; ¢"(r) + aijrij '(r) = 0.

Since r is the distance function with respect to g, |Vr|, = 1 for r € (0,7), where 7y is the
radial bound in the direction ¢. By the uniform ellipticity of a”/, we have 0 < ¢ < a"ryr; < C.
Therefore, after dividing (71) by a”r;r;, we get
1" ~ / ~ aijrij
(72) ¢"(r)+a(r,0)¢'(r) =0, where a(r,0) = ——.
avrr;

Here @ is smoothon 0 < r < 1g,0 € S*" 1,

We next determine the leading behavior of a as » — 0. Indeed, it follows from (66) and (67)

that ]
a’riry = a7 ()€ + O(r),

and
ar; = % _a(p) - 4—1,,06613(19)6"53' +0(1) = % (% > () - ia’j(p)fifj + O(T)) :

Consequently, l

(73) a(r, 0) = % (% iy O(T)) |

Since a™(p) is positive definite, all the eigenvalues \; of (a%(p)) are positive. We have

Zz‘aﬁ(p) > Zi)\i > 1

aﬁ(p)gigj T max; \;

Hence

(74) ¢y e 22249°P)
a'(p)§i¢s

Combined with (73), we have for each fixed § € S?"~!, there exists a continuous function hy
on [0, 79), with hy(0) = 0 such that

~ —h

a(r,0) = o =~ NoA") 9(7’)'

r

Therefore (72) can be rewritten as

(75) " (r) + %(b'(r) = he(r)
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Finally, recalling the operator D, := - + 2, we have D,,Do¢ = ¢"(r) + £¢/(r). Thus (75)
becomes o)
-
Dy Dop = ho(r) —

Since ¢y > 0 by (74), condition (19) is satisfied. Therefore Theorem 5.1 applies to give ¢ = 0.
U

Next we investigate the existence of ample local Kéhler forms in the class of w with the
prescribed Ricci form in a neighborhood of p. Let Herm(n) be the collection of Hermitian
matrices of size n. H = (H;;) € Herm(n) is called an admissible Hessian for w at p if

det(g;5(p) + Hi3) = ¢/@ det(g;5(p)) and g;5(p) + Hyz > 0.
Equivalently, A is admissible if the Hermitian form
wi(p) = vV —=1(g;3(p) + Hg) dz' N dZ’
is positive and satisfies the Calabi constraint at p:

wi(p)" = ¢/ Pw(p)".
Define the set
Y, = {H € Herm(n) : H is admissible at p}.
Then ¥, is a hypersurface in Herm(n) and dimgY, = n? — 1. Theorem 2.5 part 1 is a direct
consequence of the following

Theorem 8.2. Let (M, w) be a smooth Kiihler manifold, p € M, and f € C* in a neighbor-
hood of p. Let H = (H;;) be an admissible Hessian for w at p. Then, after possibly shrinking
to a sufficiently small neighborhood of p, there exists a smooth local solution p of

(w4 V—=100p)" = ef "
such that

ij(p) = Hi.
Moreover, the value ¢(p) and the differential dp(p) may be prescribed arbitrarily.

The argument relies on constructing a contraction map in a closed subset of Holder spaces.
The resulting fixed point then yields a local solution of the fully nonlinear Calabi equation.
To ensure that the potential attains the prescribed second-order jet H, we introduce a finite-
dimensional family of quadratic functions realizing these jets as approximate solutions, and
subsequently adjust the parameters via a finite-dimensional inverse function theorem.

For0 < p< 1,0 < a < landk € Z" U {0}, we will define the following scaled Holder
norm on B,, the coordinate ball of radius p with respect to the local coordinates (z1, ..., 2,),
by

k
lullgge =Y P IV ullc + e [VEuca,
=0
where the semi-norm [v]c« of a function v € C(B,) is defined by
v(z) —v
oty i sup 1) =00

z,y€By, |3j - y|a
TFy
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if it is finite. Throughout the proof, C' denotes a constant dependent only possibly on the given
data w, f and H, which may vary from line to line.

Proof of Theorem 8.2: Without loss of generality, let p = 0. For each M € Herm(n) satisfy-
ing g;;(0) + M;; > 0, define

F(z, M) = log det(g;() + My) — log det(g;5(2)) — f(2).

Then the Calabi equation (3) reduces to F(-,d0¢) = 0. For every K € %(:= X)), set

Qr(2) == K;2'%.
Then (Qx);; = K;;. We seek a solution of the form

vx = QK + wk,
where wy 1s a smooth function on B, with w K\aBP = (. Thus w := wg should solve
(76) F(z, K +00w) =0  inB,.
Rewrite F(z, K + 00w) as the sum of the following three components:
F(z, K + 00w) = F(z, K) + Li(w) + Ng(w),

where L is the linearization of F in the matrix variable at K, and Ny is the quadratic remain-
der after subtracting the linear part of F in the matrix variable. Namely,
N Liwi= AR (2w, with AL(2) = Duy F(z K) = (g(=) + K)Y,
and .
Ng(w) := F(z, K + 00w) — F(z, K) — A7 (2)w;;.
Thus, (76) can be rewritten as
(78) Lxw=—F(-,K) — Ng(w).

Note that since g(0) + K > 0, after shrinking p if necessary, the operator Ly is uniformly
elliptic on B, and for K in a small neighborhood of H inside X..

We next estimate the scaled Holder norms of F (-, K') and Ng (w). The admissibility condi-
tion K € ¥ ensures that (0, K') = 0. By the smoothness of the data,

(79) IF( K)ley < Cp
for K near H. For N (w), Taylor’s formula in the matrix variable gives
1
Nk (w) = / (1—s) DMi;MM]:(z, K + s00w)w;jwyz ds.
0
Since the matrices involved remain in a fixed compact subset of the admissible cone, the second
derivatives Dy, ,F are uniformly bounded. Hence by the scaled Hélder product estimate,
(80) INk(W)lleg < Cllodwllée < Cplwll iz,

where the last inequality made use of the fact ||85w||cg < Cp~?|w|| ¢z by definition.
Let Tk denote the inverse operator of the linear Dirichlet problem

LK’LU:h, w|aBP :0
for h € C*(B,). By the scaled Schauder estimate (see [12, Chapter 6]), Txh € C**(B,) with
1) I Tichllcze < Cp*|lhllcy,
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where C' is independent of sufficiently small p and of K near H. Define
Tk (w) := T (=F (-, K) — Ng(w)).

We shall show that, for p > 0 sufficiently small and some constant M, sufficiently large, Tx
maps the set

B, = {w € C*(B,) : wlop, = 0 and ||w]ze < M0p2+a}

into itself and is a contraction on Bp.
Indeed, for w € B, by (79)-(81),

1 Ti (@)l gz < Cp* (IFC, K)llcg + 1Nk (w)llcg)

<o (0" 4 w2y

< Op* + Cp* (Mop**)?

= C(1+ Mgp™)p*™.
Choosing M, sufficiently large (for instance, M, > 2C') and then taking p > 0 sufficiently
small (say, p < MJ%), we get

| Tac(w)ll gz < Mo,

Thus Tx maps B, into itself.
Next, for wy,wy € B, set w; := wy + t(w; — wy). Then by the fundamental theorem of
calculus and (77),

Ng(wi) — Ng(wg) = F(z, K + 00w;) — F(z, K + 00ws) — A% (2) (w1 — wy);5
— /1 [DMﬁ}“(z, K + 00w;) — D F(z, K)] (wy — wo); dt.
Since the matrices remain in ; compact subset of the admissible cone,
’DMZ,;;E(Z, K + 00w,) — Dy, F(z, K)‘ < C|0dw,|.
Hence, using the scaled Holder product estimate,
[Nk (w1) = Ni(ws)lleg <C ([00wn]lcg + 100wzl cg ) 1|00 (wi — ws)llcg
<Cp™* (Jlwrllege + wallgge ) o = wallge.
Together with (81) and linearity of the operator T, we obtain
[Tk (w1) = Tic(wa)ll gz = 1Tk (Ni(w1) — Ni(w2)) || 2
< Cp?|| Nk (wr) — Nk (ws)llcg
< Cp*p™ (lwnllege + walleze ) llwr = wallose
< Cp2(2Mop™ ) lwy — wl| g2
= CMyp®||wy — w2||03,a.

Shrinking p > 0 sufficiently small again so that C'Myp® < 1, we conclude that T is a con-
traction on B,. By the contraction mapping principle, 75 has a unique fixed point wx € B,
satisfying

(82) lwi [l gze < Cp*F.
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In particular, this wy satisfies (78), which is equivalent to (76). By elliptic bootstrapping, wg
is smooth on B,. Thus ¢ := Qx + wx is a smooth local solution to (3) for every K € ¥
close to H. Its complex Hessian at O is

(0x)i5(0) = K3 + (wk)35(0).

Next we adjust K so that the complex Hessian of ¢ at the origin is exactly H. Define an
operator
E,: ¥ =X
K — ((pK)ﬁ(O) =K+ Géwk(o)
The image indeed lies in X, since @k solves the equation and therefore F (0, E,(K)) = 0.
Choose a local coordinate chart on X centered at A, and identify A with 0. We use this
chart to identify a sufficiently small neighborhood of H in > with a ball in 7. Under this

identification, we suppress the chart from the notation and write points of > simply as K. In
these coordinates, it suffices to find K&, such that £,(K,) = 0, or equivalently, by (83),

Kp = —85pr (0)

(83)

Define
We will prove that 2, is a contraction on a fixed small ball B; C T’y in these local coordinates.

To this end, we first establish the necessary estimates. We claim that the map d0wx (0) depends
C'-smoothly on K. Moreover, for every K € TyX, if

li)K = DKUJK[K],

then
(84) 001 (0)] < Cp°|K].
Assuming this claim, it follows from (82) and (84) that

IRollcss) < Cp®, Dk Ryllcss) < Cp”.

Choosing p > 0 sufficiently small so that C'p® < min {g, %} , we conclude that 12, maps

B;s into itself and is a contraction. Hence, by the contraction mapping principle, there exists
K, € Bs such that
Kp = Rp(Kp)-
Therefore
E,(K,) = K, + 00wk, (0) = K, — R,(K,) = 0.
Recalling that H is identified with 0, this yields
Ep(Kp) =H.

In particular, for ¢ := ¢, we achieve the prescribed Hessian ;;(0) = H;.
Now it remains to prove the claim. We first show that the dependence of wx on K is smooth
in the C*“-topology. Indeed, let X, := {w € C**(B,) : w|yp, = 0}, and consider the map

P:Yx X, = C%(B,)
(K,w) — F(z, K + 00w).
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At a solution w = wy, the derivative in the w-variable is

D, P (K, wi)v] = Glug

B
where
(85) Grij = gi; + Ki5 + (W),

and G, is the inverse matrix of G ;. Then D,,P(K,wy) is an isomorphism X, — C%(B,)
by the elliptic Dirichlet theory. Hence the implicit function theorem applied to P(K, w) = 0
gives the smooth dependence

K~ Wg

as a map into X,. Since the evaluation map w ~ 9dw(0) is a bounded linear map from
C*(B,) to the finite-dimensional space of Hermitian matrices, it follows that

K+ 00w (0)

is smooth. ' o
Differentiating P (K, wx) = 0 in the direction K € T, we obtain G- (K;5+ (i )s;) = 0,
or equivalently, wg satisfies the linear elliptic equation
(86) Gilix); = —GiKy.
Since K € Tk, differentiating the constraint F(0, K') = 0 gives
(9(0) + K)7Fcg = 0
Using this and (85), together with g(z) — g(0) = O(p) and (82), we get
|G Elles =g+ K +09wi)7 = (9(0) + K)) Kl

<[l (9(0) + K + (9 = 9(0)) + 00wi) ” — (9(0) + K)o | K|
<Cllg — 9(0) + 0wk || s | K|
<Cp”|K|.
Here the third line has also used the matrix identity A~! — B~! = B~1(B — A)A~! for two

invertible matrices A and B. In addition, since wx € X, Wk|sp, = 0 as well. Applying the
scaled Schauder estimate (81) to the equation (86), we obtain

liorcll ez < Co* K1,

from which and the fact that |00tk (0)| < p~2 ||| ¢z the inequality (84) follows.

Finally, the 0-jet and 1-jet of ¢ may be prescribed independently. Indeed, adding a real
constant and the real part of a linear function does not change 99. Hence it does not change the
Calabi equation or the prescribed complex Hessian, but it can adjust ¢(p) and dy(p) arbitrarily.

OJ

9. WEIGHTED DIVERGENCE-FORM OPERATORS

In this section, we extend the preceding results for (powers of) the Laplacian to a class
of weighted divergence-form elliptic operators with an isolated singularity at the origin. For
simplicity of exposition, we restrict our attention to functions defined on the ball B,, C R"(n >
2) of radius r( centered at 0. The results, however, remain valid on any star-shaped domain
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about 0, that is, every other point in the domain can reach 0 via a straight line segment lying
entirely within the domain.

Given (c1,c2) € C?, u € C*(B,,), and r = |z|, we define the operator A, .,) as
Aoy et =1~ 2 div (r”_qV(rclu)) )

In the case when (cq,c2) = (0,0), it is reduced to the standard Laplacian A. In general,
expanding the above expression by a direct calculation yields

-2
cl+62(x~Vu)+—cl(02+n )u

A(Clm)u = Au+ 2 2

For a radial function u(r), it reduces to

cl+02+n—1u,+cl(02+n—2)

rad o
(87) A(im)u =u" + . =

u,

where AE‘;‘LQ) is the radial component of A, .,). Operators of the type A, .,) are, in general,
non-selfadjoint and lack translation or conformal invariance, except in certain specific cases
(see Example 9). Given m € Z* and (cy,...,con) € C*™, we similarly define the iterated
operator
A(¢2m71>02m) T A(61,62)'
The following example demonstrates in detail that, when m = 2, the radial component of
A(es.e0)A(erc0) 18 an Euler-type operator of order 4.

Example 8. Given (cy, ¢, c3,¢4) € C*, a direct computation gives
d3

r2

d2 2 dl dO
Au+T—4(I~V) u+r—4(x-Vu)—|——u,

dy
A(C3,C4)A(C1762)u = A%u + T_2 (l’ . V) Au + A

where
do =c1(c5 —2) (ca+n—2) (ca+n—4);
diy = (c1+c2)(es—2)(ca+n—4)+ci(ca+n—2)(cg + ¢y — 4);
dy = (c1 + c2)(c3 + ¢4 — 4);
ds =n(c1 + c3) + cico + c3ca + 2(co — c3);
dy = c1 + ¢ + 3+ cq.

In particular, noting x - V = r0,, its radial component becomes

rad es e
(A(CS»C4)A(01,02)) u = u(4) (T’) —|— ? u(3) (74) _|_ _“

e e
= W) + — () + T—O u(r),

r3
where
eo = do;
er=—(m—=1)(n—-3)+(n—1)(ds —dy) + ds + dy;
ea=(m—1)(n—3)+ (n—1)dy + d3 + ds;
es =2(n— 1)+ dy.
In general, a direct computation shows that the radial component of A, | con) "  A(ey,e0)

is a 2m-th order Euler-type operator. Conversely, as established below, every 2m-th order
Euler-type operator can be realized as the radial component of such a composition. Thus, the
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radial components of iterated divergence-form operators of the form Ac,,, | cy.) == A(cy,e0) ar€
in correspondence with Euler-type differential operators.

Lemma 9.1. For every (ay, . .., as,) € C*™, there exists some constant (cy, . .., cap) € C*™,
such that the 2m-th order Euler-type differential operator
a a
w2m) + _lu(mel) 4o+ _2N U
T rem
corresponds to the radial component of the operator Nc, . | co. ) Dy e0)

Proof. First, according to Lemma 3.1, there exists (b, ..., by,) € C*™ such that the general
Euler-type operator can be decomposed as a product of first-order singular operators:

a G2m
u@m Mmooy %u =Dy, - Dyu.
r r
Foreachj = 1,...,m, we seek pairs (cz;_1, co;) such that the radial component of A, | c, )
coincides with the second-order factor Dy, Dy, _,:
rad
(88) A(CQj_l,ng) = DijDij—l'

Using the expansion in (87), the operator is given by

Coj—1 +co5+n—1 Coj—1(Coj +m — 2
Arad. = u// + J J u/ + J ( J )u
(c2j—1,c25) r T2

On the other hand, a direct expansion of the product Dy,. Dy, , yields

baj—1 + b, boi1(byi — 1
DijDij_lu — " + 27 17:" 25 u + 2] 1(723 )’LL
To ensure (88), we equate the corresponding coefficients:

baj—1 + baj = coj_1 + o5 + 1 — 1,
{bgj_l(bgj — 1) =cj_1(co; +n —2).
This system admits two possible solutions for the parameters (by;_1, ba;):
(89) (bj_1,b9;) = (coj_1,co5 +n—1) or (bgj_1,boj) = (coj +n — 2,051 + 1).
Equivalently, one may determine the parameters (cz;_1, ¢2;) as
(90) (c2j-1,C25) = (bgj_1,b9; —m+1) or (coj1,C25) = (baj — 1,b25_1 —n +2).

With either choice, the 2m-th order Euler-type operator is realized precisely as the radial
component of the iterated divergence-form operator A(,,, | co.) " " A(c1,e2)- This completes
the proof.

U

Using argument analogous to those used in the proof of Theorem 1.1 and Remark 7.6, one
obtains corresponding uniqueness results for these iterated weighted divergence-form opera-
tors.

Theorem 9.2. Let vy > 0 and m € Z*, and (cy, ..., com) € C*™ Letu : B,, — C” be a
vector-valued C*™ function satisfying the differential inequality

Al 2m—1 '
(91) }A(C2m—lyc2m) o A(CLCQ)U'(:L')‘ S % : Z |v]u($)| on BTU \ {0}
7=0



46 YIFEI PAN, YU YAN, AND YUAN ZHANG

for some nonnegative function h € C([0,7¢)) with h(0) = 0. If u is radially symmetric in B,,
about the origin and

(92) 2j —Re(cgjm1) —2m <2 and 2j —Re(cy;) —2m <n, j=1,...,m,

then exactly one of the following holds:

e There exists some jo € {0,...,m — 1} such that 9%°u(0) # 0;
o u=0inB,,.

Corollary 9.3. Let ro > 0 and m € Z%, and let (cy, ..., Coy) € C*™ satisfy (92). Suppose
u,v : By, — C” are two vector-valued C*™ solutions to the nonlinear Poisson system

At vieam)* Der,enytt(®) = f,u(), Vu(z),. .., V*" ru(z)) on By, \ {0},
with prescribed initial data
Viu(0) = Viv(0) = ¢, j=0,...,2m — 1.

Here the vector-valued function f is continuous in all variables and locally Lipschitz continu-
ousin (u,...,V*™ ). If the difference u—v is radially symmetric in B,, about 0, then u = v
in B,,.

Proofs of Theorem 9.2 and Corollary 9.3: If u is radially symmetric about 0 with profile func-
tion ¢, we may choose (b1, ..., by) according to (89) to write

A(sz—hsz) T A(01702)u(x) = Dme T Dbl¢(r)'

Applying the estimate in Lemma 7.3 to the right-hand side of the inequality (91), we further
reduce (91) to

2m—1 |¢(] 2m—

Dy, - Dy, d(r) g Z o 1 = =Ch(r)- ) -

J=0

It remains to show that (92) is equivalent to (19), as the rest of the proof of Theorem 9.2 then
follows directly from Theorem 5.1. The proof of Corollary 9.3 is similar to that of Theorem
1.2 and is therefore omitted.

For any j = 1,...,m, in the first case of (89) where by;_1 = c9j_; and by; = cp; +n — 1,
(92) implies

2] — Re(ng_l) —2m = 2] — Re(bgj_l) —2m<2= (2] — 1) — Re(sz_1> —2m < 1;

2j — Re(cgj) —2m =25 — (Re(by;) —n+1) —2m < n = 2j — Re(by;) —2m < 1.
If byj_1 = coj +n — 2 and by; = co5—1 + 1 1n (89), then (92) implies
2] — Re(ng_l) —2m = 2] — (Re(bgj) — 1) —2m<2= 2] — Re(bgj) —2m < 1,
2j — Re(cg;j) —2m =25 — (Re(bgj_1) —n+2) —2m <n = (25 — 1) — Re(bg;—1) —2m <
In either case (19) is satisfied with N = 2m. The proof is complete.

Il

Example 9. In the case when ¢; = —¢; € C, A(, .,) reduces to a Hardy-type Schrodinger

operator with a (possibly complex) inverse-square potential:
c(n—2—c¢)

A(ch_cl)u = Au+ 2
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If, in addition, that ¢; = —cy = "T’z, the operator becomes:

(n —2)?
4r2?
which is the conformally invariant inverse-square perturbation of the Euclidean Laplacian.
Moreover, note that condition (92) is automatically satisfied provided that Re(cg;_1) > —2
and Re(cy;) > —n for j = 1,...,m. Consequently, the conclusions of Theorem 9.2 and
Corollary 9.3 apply to the operator A{} ) aslongas —2 < Re(cy) < n.

u,

A(n72 %4>U = AU +

Rt

Finally, we investigate the existence of C'’ radial solutions to the weighted divergence-form
operator A, 1 eyt Ageyez)> Subject to compatible initial conditions. For a solution to
achieve C'V regularity, Lemma 7.5 implies that all odd-order jets at the origin must vanish.
Furthermore, following the observations in the proof of Theorem 6.6 and Remark 6.3, the
even-order jets must also vanish, with the exception of those in the set I' defined as in (93)
below, the subset of the even integer indicial roots of the operator’s radial component in the
range {0, ...,2m — 2}. At these specific orders, the initial jets may be prescribed arbitrarily.

Theorem 9.4. Let vy > 0 and m € Z, and let (cy, . .., Coy) € C*™ satisfy (92). Define the
index set I as
(93) F=({2j—2—cy1:5=1,....m}U{2j—n—cy:j=1,...,m})NI,
where I :={0,2,...,2m—2}. Given (; € C foreach j € T, there exists a C*™ radial solution
on B, to the following nonlinear system
Ao vieam) " Derenytt = f(ru, 0, .., 02" ') on By, \ {0};
Hu0)=¢,  jeT;
& u(0) =0, j€{0,....2m —1}\T,
where the vector-valued function f is continuous in all its variables. If, in addition, f is locally

Lipschitz continuous in the variables (u,0,u, . .., 0Oy w), then this solution is the unique

C?™ radial solution to the system.

In the special case where the operator consists of powers of the Laplacian, a straightforward
computation yields the following:

Example 10. For the operator A™, where ¢; = 0 forall j = 1,...,2m, a direct computation
shows that the corresponding set I' is precisely

r={0,2,...,2m — 2}.
In particular, this implies that initial data for A™ can be freely prescribed at every even order

up to 2m — 2.

Proof of Theorem 9.4: Suppose u is radial about the origin. By Lemma 7.5, the odd-order
derivatives must vanish:

u(0)=0,5=1,3,...,2m — 1.
Moreover, u satisfies

A( e A(cl,cz)u = Dme e Dblu = f(T, u, ... ’u(n—l)),

C2m—1 702m) :

where the coefficients (by;_1, bo;) are related to (c2j_1, c2;) by (89), or equivalently (90).
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Let A be the index set defined as in (37) with respect to (by, . .., by, ). We shall show that
['=ANn{0,2,...,2m — 2}.
Indeed, by the definition of I' in (93), every v € I satisfies
V=—Cy—1+2]—2 or —cy+2)—n
for some 7 =1, ..., m. Substituting these into (90), we obtain
Yy+b;—j+1=0

for some j = 1,...,2m — 1.This establishes that ' € A N {0,2,...,2m — 2}. The reverse
inclusion is proved similarly.

Consequently, the proof reduces to establishing the existence of CV ([0, r()) solutions to the
following initial value problem:

Dy, - Dyu(r) = f(r,u,...,u™ ), re(0,r),
u(0)=¢, jeAN{0,2,...,2m — 2},
ud(0) =0, j€{0,....,2m—1}\ (AN{0,2,...,2m —2}).

The existence of such a solution is then guaranteed by Theorem 6.1.
U

As an immediate consequence of Theorem 9.4 and Example 10, existence and uniqueness
hold for radial solutions to the initial value problem for A™, as stated below.

Corollary 9.5. Let vy > 0 and m € Z*. Forany ((o, .. .,(m_1) € C™, there exists a C*™(B,,)
radial solution to the system

Amu == f(/n u, 87’“’7 o 7872’m71u> on BTO;
Ou(0) = Go G =0, m—1;

where the vector-valued function f is continuous with respect to all its arguments. If, in addi-
tion, f is locally Lipschitz continuous with respect to the variables (u, O,u, . .., 0*™ 1), then
this is the unique C*™ radial solution.

More generally, Theorem 9.4 can be applied to give existence of C?™ solutions to a nonlinear
singular system of the following form

(94) A"y + Z M(x VY AR = f(ru, O, ..., 0P D),

' T2m—2k
J,k>0
0<j+2k<2m—1

where (d; ;) are complex constants and f is continuous in all its variables. Indeed, noting that
x -V = r0,, the left hand side of (94) can be rewritten as

dig .
Ay + E — I ARy
T2m—2k—] T
3,k=0
0<j+2k<2m—1

for some (d; ;) determined by (d; ;). In particular, its radial component becomes

ai _ ag
OFMu+ —O7" 4+ =y
r sz
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for some constants (aq,...,as,) € C?™. It then follows from Lemma 9.1 that there exists
(c1,. .., Com) € C* such that the radial component of the left hand side of (94) can be written
as
m d ik ; rad rad
95) (A + Z 702715——%(‘77 : v)]Ak) Y= (A(Cmn—lmm) e A(Cl@)) .
3,k>0
0<j+2k<2m—1

In order to state the main result in this direction, we introduce the sets
(96) Q) = {(c1,- ., c2m) € C*™ : (95) holds}
and

97)
I3 = {(017---,02m) € C*™ :2j — Re(cgj_1) — 2m < 2,25 — Re(cyj) —2m < n,j = 1,...,m} ,

which is the set of (cy, ..., o) satisfying (92).

Corollary 9.6. Let vy > 0 and m € Z" and (d; ) be complex constants, j, k > 0,0 < j+2k <
2m — 1. Suppose
Qa;) N I3 # 0,
where Q(dm) and I3 are the sets defined in (96) and (97), respectively. Let I' be defined by (93)
with respect to some (cy, ..., Com) € Qd; ) N I3. Then given (; € C for each j € T, there
exists a C*™(B,,) radial solution to the following system
(Amu + Z r;ﬁf—k%(aﬁ V) AR = f(r,u, O, ..., 0% V) on B, \ {0};
4,k>0
0<j+2k<2m—1
ou0) =G, jeT;
(u(0)=0, j€{0,...,2m—1}\T,

where the vector-valued function f is continuous with respect to all its arguments. If in addition
f is locally Lipschitz continuous in the variables (u, O,u, . . . ,8ﬁ2m71)u), then this solution is
the unique C*™ radial solution to the problem.
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